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Abstract. A model of a three-dimensional dynamic quantum vacuum de-
fined by a fundamental variable energy density, where microphysics and macro-
physics emerge from elementary sub-Planckian black holes with a size of order
of a generalized Compton wavelength that unifies the standard Compton wave-
length and Schwarzschild radius, is developed. The granular features of the tex-
ture of the sub-Planckian black holes at their generalized Compton wavelength
are explored. Modified Friedmann equations associated with the sub-Planckian
black holes of the variable energy density are introduced and cosmological con-
sequences are derived in the picture of a cyclic universe. This approach avoids
the presence of singularities and allows an unifying treatment of the different
phases of the evolution of the universe.

KEY WORDS: variable energy density, generalized Compton wavelength, sub-
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1 Introduction

Despite the extraordinary results that the scientific revolutions of the XX century
have brought us, the description of the universe provided by the two fundamen-
tal theories we have, i.e. quantum theory and general relativity, is someway
fragmented and incomplete and needs to be adjusted. The search of an ade-
quate and fruitful unification of general relativity and quantum mechanics is
perhaps the most important challenge of contemporary theoretical physics. In
this regard, an interesting line of research is recently receiving attention where a
unifying treatment of the Compton scale of microphysics of elementary particle
and the Schwarzschild scale of black holes can be obtained in the context of a
generalized uncertainty principle, that posits the existence of a minimal length
and a breakdown of the usual Heisenberg uncertainty principle at the Planck
scale [1-6]. Different forms of generalized uncertainty relations have been de-
veloped, that lead to the existence of a minimum measurable length and have
the merit to introduce suggestive perspectives to treat the quantization of grav-
itational fields as well as issues of quantum cosmology, black holes and the
quantum vacuum [7-21].
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In this paper, we want to explore the cosmological consequences of a peculiar
form of generalized uncertainty relations in a model of three-dimensional quan-
tum vacuum, developed by the author of this paper in a series of works [22-30],
where the observable events of the physical world, both in the macroscopic do-
main and in the microscopic regime, are derived from a fundamental quantum
foam, i.e. a three-dimensional (3D) dynamic quantum vacuum (DQV) described
by a variable energy density. An important merit of this model is that ordinary
matter, dark matter and dark energy can be seen as emergent structures, forms of
collective organizations, which come into existence as the upper manifestations
of specific states of the DQV, which correspond to specific fluctuations of the
underlying variable quantum vacuum energy density.

The ultimate geometry of the 3D DQV is described by a peculiar specific form
of generalized uncertainty relations, which are valid at the Planck scale [30]:
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In equation (1) 7 is Planck’s reduced constant, Ap,,; is the variable energy
density of the vacuum corresponding to the appearance of a material particle of
mass m in a volume V', defined as
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is Planck’s energy density (mp being Planck’s mass, c the light speed and [,
Planck’s length) intended as the ground state of the 3D DQV, § is a fluctuating
dimensionless parameter which expresses the fact that here space-time fluctua-
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measures the degree of violations of the Heisenberg uncertainty relations at
scales that approach the Planck scale.

h
tions fix the minimal length scale only on average and the term 5 15} li

By starting from the generalized uncertainty relations (1), the variable energy
density of the 3D DQV has the fundamental property of leading to the follow-
ing fundamental scale where Compton wavelength and Schwarzschild radius are

unified:
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which can be defined as generalized Compton wavelength [30]. On the basis
of equation (4), the standard Compton wavelength and Schwarzschild radius
can be seen as special cases, in opportune regimes, of the generalized Compton
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wavelength, as a consequence of corresponding underlying energy density fluc-
tuations of the 3D DQV. Because of the role of the generalized Compton wave-
length as the fundamental property of nature that determines the emergence of
elementary particles or black holes of macrophysics whether of the cases, in the
model of the 3D DQYV, at a fundamental level one can say that the ultimate origin
of microphysics and macrophysics lies in a texture of elementary objects of the
Planck scale, which we name sub-Planckian black holes with a size of order of
their generalized Compton wavelength, which are generated by the geometro-
dynamic properties of the variable quantum vacuum energy density ultimately
associated to the foam of the virtual particles of the vacuum [30].

In this paper, our aim is to show how the texture of sub-Planckian black holes
of the quantum vacuum energy density at the generalized Compton wavelength,
besides determining a discretization of spacetime, leads to suggestive conse-
quences as regards cosmology, by inducing important modifications in the Fried-
mann equations that introduce a new key of reading of the paradigm of the cyclic
universe. The structure of the paper is the following. In Section 2 we explore
the granular and holographic features of the texture of the sub-Planckian black
holes of the variable energy density at the generalized Compton wavelength. In
Section 3 we show how, by starting from the dependence of entropy of a black
hole with the texture of sub-Planckian black holes of the variable energy den-
sity, modified Friedmann equations may be derived. In Section 4, we explore
the cosmological perspectives of the modified Friedmann equations of the 3D
DQV in the picture of the cyclic universe. Finally, in Section 5 we summarize
the results of the paper.

2 About the Discretization of the Texture of Sub-Planckian Black
Holes of the Variable Energy Density

Sub-Planckian black holes of the variable energy density of the 3D DQV imply
the existence of a minimal length, and thus a quantum nature of the fundamental
background, providing a new way to re-read the discretization of space.

If loop quantum gravity suggests that in the quantum-gravity domain physical
space is composed by elementary grains, a net of intersecting loops, having ap-
proximately the Planck size [31-33], thus determining a geometry described by
a discrete quantized 3D metric, in a similar way, in the model of the 3D DQV
where the elementary fluctuations are described by sub-Planckian black holes
of the variable energy density, one deals with a granular structure of space at
the fundamental scale represented by the generalized Compton wavelength. In
affinity with loop quantum gravity, the discretization of quantum geometry at the
Planck scale can be here considered as a genuine property of space, but, while in
loop quantum gravity it is independent of the strength of the actual gravitational
field at any given location, in our model it is ultimately derived from the actual
variable energy density of the 3D DQV.
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The generalized uncertainty relation (1), in the light of the existence of the fun-
damental scale of the generalized Compton wavelength (4), implies that the ge-
ometry of the 3D DQV has a granular structure where the generalized Comp-
ton wavelength represents the fundamental unit of measure of length. In other
words, one can say that the geometry of the 3D DQYV is defined by cells whose
size is directly fixed by the behaviour of the quantum vacuum energy density
through the generalized Compton wavelength, i.e.

Az > ALmin = \/(Afh;V)z (5;2 quCEV) , (5)
o

The physical meaning of equation (5) is that the energy fluctuations of
the 3D DQV are characterized by a granularity in the sense that corre-
spond to elementary cells whose size is directly determined by the quantity
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corresponding behavior of the quantum vacuum energy density fluctuations,
the 3D DQV background is characterized by a minimum measurable accessible
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is given by a texture of elementary cells of dimensions fixed by the generalized
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On the other hand, in the model of the 3D DQV, one can introduce a generalized
time-energy uncertainty relation given by expression:
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The generalized time-energy relation (6) leads to derive a minimum measurable
time scale determined by the texture of the sub-Planckian black holes of the
variable energy density of the 3D DQYV, of the form
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The quantity (7) can be defined as the lifetime of vacuum fluctuations with lo-
calization associated to the minimum measurable distance (5). On the basis of
equations (5) and (7), if the wavelength of the virtual particles of the vacuum
satisfies relation A 2 Az, and the duration of the process of appearance of
the virtual particles of the vacuum satisfies At 2 At,;,, then the corresponding
quantum fluctuations give rise to actualizations beyond the cube of side Az,
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centered on the point where the fluctuation occurs with a duration beyond the
minimum measurable time scale Atyiy,.

On the basis of (and compatibly with) the results of loop quantum gravity [34],
a classical macroscopic 3D gravitational field which determines a 3D metric g,,,,
can be considered as an emergent fact from the fundamental 3D DQV defined
by sub-Planckian black holes of the variable energy density and, if we consider
a region R of area S with a size much larger than [ > [p and slowly varying
at this scale, the size of this region can be expressed in terms of the generalized
Compton wavelength. The volume and the area of each physical region derive
from the granular features of the 3D DQYV, i.e. here one can consider a volume
operator V' (R) and an area operator A (.5)) that, in analogy with loop quantum
gravity, have a quantum spectrum with eigenvalues equal to the volume of R
(and of the area of S) that are determined by the metric g,,,, ultimately associated
with the variable energy density and therefore are a function of the generalized
Compton wavelength.

In affinity with the spin network states of the loop quantum gravity, in the 3D
DQV model, in order to define physical states on a 3D manifold with coordinates
Z that approximate the flat 3D metric gg,),) (Z) = 1w, one can build a spatially
uniform state |.S,,,) constituted by a set of sub-Planckian black holes of the vari-
able energy density of coordinate density p = p % where the average distance
1o from each other, i.e. the “lattice spacing” jo, can be associated to the gener-
alized Compton wavelength. Therefore, if 1 is the density of the sub-Planckian
black holes of the variable energy density, by increasing the coordinate density
of the loops, one obtains a correspondent increasing of the area

A5 = 15 (415951 + 00 /1)) 1) ®

Since the action of the area operator is
2
%A[Q(O)ﬁ] = (A M)g(o),b’} +0(l/lp)) = A {g(“),S} , O

the state of the vacuum characterized by an increased loop density approximates
the metric
I
gt = 2 (10)
I3
that, taking account of the role of the generalized Compton wavelength as fun-
damental scale of nature, becomes

=) (2 e

On the basis of equation (11), we can say that, at a fundamental level, the 3D
DQYV defined by the sub-Planckian black holes of the variable energy density,
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has granular features associated with the fundamental scale represented by the
generalized Compton wavelength.

Moreover, the granular nature of the geometry of the 3D DQV implies a corre-
sponding quantization of the area. In this regard, compatibly with the results of
loop quantum gravity, one can write the smallest possible value of the area of a

region of the 3D DQV as:
ﬁhC 2 ﬂl2 pquV
ApgpV he

where + is the usual Immirzi parameter of order 1. In this picture, the quantity
bo = Amin/(87) quantifies the deviation from the classical theory. As a conse-
quence, in the geometry of the 3D DQV defined by sub-Planckian black holes of
the variable energy density, the distance associated with the outer event horizon
can be expressed as

N O N S PR a3
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In summary, the physical meaning of the approach based on equations (8)—(13)
is that, in the texture of the sub-Planckian black holes of the variable energy
density of the 3D DQV, a smooth geometry cannot be approximated at a physical
scale lower than the generalized Compton wavelength at the Planck scale.

Apin = 47V3y : (12)

Another significant feature of the texture of the states of the fundamental quan-
tum geometry of the 3D DQV defined by the sub-Planckian black holes of the
variable energy density lies in its holographic nature. By invoking fruitful con-
siderations proposed by Ng in the context of his holographic model of funda-
mental spacetime [35-38], we can assume that the quantum fluctuations of the
3D DQV corresponding to the behaviour of the sub-Planckian black holes of the
variable energy density manifest themselves in the form of uncertainties in the
geometry of this background and, thus, that the measurement of the radius [ of
a spherical volume is characterized by an average minimum uncertainty of the

form
Bhe 1\ ﬁlepMV
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On the basis of equation (14), since on the average each cell corresponding to a
sub-Planckian black hole of the variable energy density occupies a spatial vol-
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corresponding to bits of information. The existence of a maximum number of
bits of information contained in a spatial region is in agreement with the holo-
graphic principle [39-44] which implies that, although the world around us ap-
pears to have three spatial dimensions, its contents can actually be encoded on
a two-dimensional surface, like a hologram. As a consequence, a fundamental
feature of the background geometry of the 3D DQV defined by sub-Planckian
black holes of the variable energy density lies in its holographic and non-local
features at the generalized Compton wavelength, in the sense that the physical
degrees of freedom must be considered as infinitely correlated, with the result
that the spacetime localization of an event may lose its invariant significance,
compatibly with Ng’s model.

Moreover, in our approach, we consider that the appearance of an elementary
particle corresponds to the switching of opportune cells of the 3D DQV and that
this process can be associated with a specific duration 7y, which therefore can
be defined as the minimum proper time corresponding to the switching of a cell,
which generates the “bare” state of a particle (and thus determines, as a derived
fact, the time interval between two successive localizations of the same particle).
As a consequence, this actualization event will be characterized by an intrinsic
positional uncertainty of the form

2\ 1/3
5z><2§> ety (15)

In the light of equation (15), the holographic features of the 3D DQV constituted
by sub-Planckian black holes of the variable energy density, imply that a sphere
that does not collapse into a black hole physically corresponds to the action of a
maximum energy density given by relation

Bhe 2+ BlepquV 2
9 \Ap,eV P ke

- 167'('2 (CTO)G

(16)

Now, the intrinsic positional uncertainty (15) associated with the quantum fluctu-
ations generates a corresponding spatial length, which we denote [, expressing
the minimum spatial length, where the switching of opportune cells correspond-
ing to sub-Planckian black holes of the variable energy density of the 3D DQV
can give origin to the appearance/actualization of the “bare state” of a parti-
cle, such as a fermion of the Standard Model. In order to define this peculiar
spatial length characterizing the ultimate texture of sub-Planckian black holes
of the variable energy density of the 3D DQV, by taking account of Ng’s re-
sults, we assume that the spatial volume occupied on the average by each cell is

( phe )2 ( 2quva>2 . . .
|| ——— ) +|Ble—— , and thus that a spatial region of size [,

Ap,,gV P ke
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2
contains a number of cells given by l%/ {(Apﬁhzv) (512 %) } . We

can therefore define [y through the following equation:
. h ApoorV
(61)* = lo (ﬁ ‘ ) <512 Paut )
quvEV fic
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Equation (18) expresses, in the 3D DQV background, the minimum size of each
spatial length which is ultimately determined by the intrinsic positional uncer-
tainty (15) characterizing the lattice of sub-Planckian black holes of the variable
energy density, which gives rise to the appearance of the “bare” state of a parti-
cle. Taking account that the quantity (18) represents the minimum length which
is physically accessible and has physical meaning in the sense that corresponds
to the actualization of the bare state of an elementary particle, one can say that

the value (18) is the minimum value the generalized Compton wavelength can
assume. Therefore, by equating equation (18) and equation (4), one finds
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On the basis of equation (21), we can say that also the minimum duration of
the process of the switching of the cells of the 3D DQYV, that generates the ap-
pearance of an elementary particle in its “bare” state, depends — and is directly
fixed by — the variable quantum vacuum energy density through the generalized
Compton wavelength.
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In summary, we can say that, in the model of the sub-Planckian black holes
of the variable energy density, the discretization of spacetime, its holographic
features as well as the existence of a minimum length corresponding to the actu-
alization of an elementary particle in its “bare” state, are directly connected with
the generalized Compton wavelength intended as a fundamental scale of nature.

3 The Modified Friedmann Equations in the Texture of the Sub-
Planckian Black Holes of the Variable Energy Density of the
Three-Dimensional Quantum Vacuum

The motion of a test particle in the holographic surface of the 3D DQV back-
ground generates a modification of the entropy of the surface by fundamental
units depending on the discrete spectrum of the area of the surface. Therefore,
in order to explore the cosmological implications of the discretization of space-
time determined by the generalized uncertainty relations (1) and (6), let us start
by analysing the impact on the Bekenstein-Hawking entropy of a black hole. In
this regard, we consider that, for a black hole that absorbs or emits a quantum
particle of energy F and size Ry, its area A is characterized by a modification
of amount:

AA>8rAz?, ERy, (22)

where Ax,,;;, is given by relation (5). In this way, the generalized uncertainty
relation (1), and the consequent existence of the minimum measurable scale (5)
in the lattice of sub-Planckian black holes of the variable energy density of the
3D DQYV, lead to the following result as regards the minimum change of the area
that is physically possible:

8rAz?

e e v RAC SO B

On the basis of equation (23), as a consequence of the absorption or emission
of a quantum particle, the black hole area overcomes a modification induced by
the quantum fluctuations of the vacuum associated with the texture of the sub-
Planckian black holes of the variable quantum vacuum energy density. Here,
by following [45-48], one can assume that the value of Az is the inverse of
surface gravity and thus can be associated to the Schwarzschild radius r; namely
Az = 2r,, finding the following identity:

AAmin 2

Azr® ==, (24)

™

Substituting relation (24) inside equation (23), one obtains
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and therefore the modification of the area of the black hole becomes

R

In equation (26), the parameter A can be determined by the Bekenstein-Hawking
relation. Taking account that, on the basis of the information theory [49], a
minimal increase of entropy does not depend on the horizon’s area, equation
(26) leads to relation

min < 95 (26)
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where, on the basis of the Bekenstein-Hawking formula, b/\ = 27 and therefore
we obtain
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By integrating equation (28), the following expression of the entropy is obtained:
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where S is an integration constant. The physical meaning of equation (29) is
that the Bekenstein-Hawking entropy of a black hole is modified as a conse-
quence of the minimum length scale determined by the generalized uncertainty
relation (1) expressing the ultimate geometry of the fluctuations of the vacuum
associated with the texture of the sub-Planckian black holes of the variable quan-
tum vacuum energy density. In other words, the activity of sub-Planckian black
holes of the variable energy density at the generalized Compton wavelength in-
duces changes into the Bekenstein-Hawking entropy of a black hole which turn
out to be relevant in the quantum-gravity regime.

Moreover, we remark here that, on the basis of the modified entropy-area relation
(28), we can provide an entropic treatment of gravity force and interpret gravity
as an emergent phenomenon. In this regard, in affinity with Verlinde’s and Pad-
manaban’s proposals [50,51], we can consider the thermodynamic equation of

state AS

F= TE (30)
where AS is one fundamental unit of entropy, Ax satisfies equation (5) and
thus corresponds to a certain number N of elementary cells of the 3D DQV,
the entropy gradient is directed radially from the outside of the surface to inside
and T is the temperature of the surface that is related to the total energy of the

surface by
1
Eiot = §NkBT, (3D

where kp is the Boltzmann constant. From equations (30) and (31), it is possible
to derive a modified Newton’s law of gravitation of the form
F=-glm [1 " 4“}

R? dA A=4nR?
where m is the mass of the test particle absorbed or emitted by the black hole, M
is the relativistic rest mass of the source associated with the surface of the region
of the 3D DQV into consideration, R is the radius of the horizon. Moreover, by
invoking a T-duality and using the insights made in [52, 53], one can consider
the following modified version of the gravitational potential in the texture of
the sub-Planckian black holes of the variable energy density at their generalized
Compton wavelength:

) (32)
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which leads to express the modified Newton’s law of gravitation (32) as
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On the basis of equations (32) and (34), one can say that the texture of sub-
Planckian black holes of the variable energy density generates modifications into
Newton’s law of gravitation, that turn out to be important in the quantum-gravity
regime, compatibly with the results obtained in [54].

Now, on the basis of the assumption that any modification of the area-law com-
ing from the physics of black holes would imply a similar modification to the
area-law that one should use to study the apparent horizon of the universe, we
will show how the modified entropy (29) induces a deformation of the Fried-
mann equations, that rule the dynamics of the geometry of the universe. In this
regard, by following [55], we start by expressing the link between entropy and
area through the following relations

f(A)

S=76 (35
s f'(A)

dA 4G (36)

where A is the area of the apparent horizon (intended as a marginally trapped
region characterized by a vanishing expansion, that always exists in a FLRW
universe), f (A) is any arbitrary smooth function of the area of the apparent

df (A
horizon and f’ (A) = % Thus, by using the first law of thermodynamics,
one finds 74) )
TA
TdS = — 1-— 7

where 74 = ¢/+\/H? + kc?/a? is the radius of the apparent horizon, a is the
Friedmann-Robertson-Walker scale factor that parametrizes the expansion/cont-
raction of the universe during the evolution, H = a/a is the Hubble parameter,
k is the spatial curvature. By inserting (36) inside equation

TA
2HTA

TdS = 47 (p + p) ( — 1) Hr3dt (38)

where p is the energy density and p is the pressure matter in the universe, one
obtains equation

D k02 ’
H— e [ (A)=—47G(p+p). (39)
Then, by using the continuity equation

p+3H (p+p)=0 (40)

and relation
3 ( kc?
dra=—Hry | H—- — | dt, 41)
a
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equation (39) becomes

, d 4G
Pt = —Tdp @2)
A

and, by integrating (42), one obtains the following modified Friedmann equa-

tions:
fp— / (A= (43)

The physical meaning of equations (43) is that a different modified Friedmann
equation corresponds to each different apparent horizon associated to each dif-
ferent area-law for the entropy, thus implying the perspective of a multiverse
scenario.

Now, compatibly with the algebra formulated in [55], one has the possibility to
express the modified Friedmann equations (43) in the vacuum of sub-Planckian
black holes of the variable quantum vacuum energy density ruled by the general-
ized uncertainty relations (1). In this regard, by substituting equation (28) inside
(43), one arrives at relations

: vv
(- 5 (ape) (o5
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where the integration constant C, taking account that, as a consequence of the
4 2
expansion of the universe in the post big bang era, the area A = #];m?

of the apparent horizon goes to infinity in correspondence to a vacuum energy
density equal to the cosmological constant A, is given by expression

G 1

T <A+2Gn[(5ﬁc>2 (ﬁl?Ap“’cEV”)

quvEV

(46)
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In this way, one finally arrives at the following modified Friedmann equations
in the vacuum of sub-Planckian black holes of the variable quantum vacuum
energy density characterized by a discretization of spacetime at Planck scale:

8rG 71(2 lcc>Jr 2

2 i Jrai2 3[(A:ijzv)2 (ﬁlQquvEV> }
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We observe here that, if the second term on the right-hand side of equation (47)
tends to zero, then equation (47) reduces to the standard dynamical Friedmann
equation with cosmological constant

2
T e-n =g (). (49)

—4nG(p+p) = (H—ki)f

a2

X (48)

In other words, we can say that the quantity

2

() + (8755 ]

Bhc 2 ApyypV 2
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which is connected with the activity of sub-Planckian black holes at their gener-
alized Compton wavelength, evaluates the departure degree of Friedmann equa-
tions from the classical behavior predicted by general relativity.

It is interesting to observe that the modified Friedmann equations (47) and (48),
determined by the generalized uncertainty relations (1) describing the geometry
of the vacuum of the sub-Planckian black holes of the variable quantum vacuum
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energy density, imply the existence of a maximum energy density with a value
around Planck density for any equation of state and all values of k. In fact, on
the basis of equation (47), the density is real if the following constraint regarding
the area of the apparent horizon is satisfied:

2
2
ch<

(L2 B ( BhC )2 (ﬂlQ pquV)
quvEV hic

The constraint (50) implies that the scale factor must have a maximum and the
Hubble parameter a minimum, thus leading to a maximum energy density

(50)

5

+ - 5 v

()« (e 2%2)
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where pp is Planck’s density. As a consequence, by assuming a general contin-
uous pressure p(p, a), if the scale factor has a maximum value and the Hubble
parameter is bounded, it follows that all curvature invariants of the Friedmann-
Robertson-Walker metric turn out to be finite and universe is prevented from
reaching a singularity and has therefore a general non-singular evolution. The
discretization of the background expressed by the existence of the minimal
length (5) has therefore the merit to remove the singularities present in general
relativity and, just like the standard uncertainty principle avoids the collapse of
the hydrogen atom, in the same way the ultimate geometrodynamics characteriz-
ing the texture of sub-Planckian black holes of the variable energy density of the
3D DQYV induces modifications in the entropy of the black holes that prevent the
catastrophic nature of the Hawking radiation, thus introducing new perspectives
of solution of the black hole information and firewall paradoxes.

A PP (51

Pmax =

4 Cosmological Implications Towards a Cyclic Universe

The modified Friedmann equations (47) and (48) ruling the dynamics of the ge-
ometry of the background of the sub-Planckian black holes of the variable energy
density, induce important cosmological implications, in the picture of a modi-
fied Raychaudhury equation describing a non-singular universe, that allows us
to explore the behaviour of our region of universe in early times. In this regard,
ﬁﬁc )2 ( QquUEV)2 . .

— 5l = o, the modified Friedmann
Ap quE 14 he

equations (47) and (48), together with the equation of state

by indicating (

H=F(H), (52)

lead to obtain the following version of Raychaudhury equation:
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- =Yy )2 (- )
o kc?\11/2
Xil—[l—g(ﬂtgz)] .

where C'is given by (46) and w = p/p is the equation of state. In the case k = 0,
taking account of (46), the Raychaudhury equation (53) becomes

2 2 %
B 2h- (- 5 )]

e )

H:—g(l—i—w)

- T ] . (54)

which leads to the following expression for the function (52):

s -5+ 5 (v )

x [1 - (1 - gm)m

Equations (53) and (54) predict the existence of a maximum value of the Hubble
rate H, which is reached in a finite time and thus that there is no cosmological
evolution beyond this point from a spacetime prospective. In agreement with
the results obtained in [55, 56], the existence of maximum energy density and
a general nonsingular evolution turns out to be independent of the equation of
state and the spatial curvature k. The approach based on equations (52)—(55)
that derive from the modified Friedmann equations, therefore, has the merit to
avoid the presence of singularities in the evolution of the universe. Moreover —
and this is a crucial result — it is compatible with the cyclic universe scenario,
where the Big Bang and the Big Crunch are phenomena that occur in a cyclic
manner with different initial and final densities each time [57].

(55)

In this picture, while the Hubble parameter H (t) = a/a oscillates periodically
between positive and negative values from cycle to cycle, instead the Friedmann-
Robertson-Walker scale factor a(t) is characterized by a substantial increase
from one cycle to the next, in the sense that a(t) grows during the usual radia-
tion, matter and dark energy dominated expanding phases, but shrinks very little
during the contraction phases. Taking account the results obtained in [57], on
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the basis of the modified Friedmann equations (47) and (48), the evolutionary
behaviour of the Friedmann-Robertson-Walker scale factor satisfies relation

a(t) = |t|'°, (56)

while the Hubble parameter |H (t)| is proportional to a—¢ during a phase with
equation-of-state €. In this picture, we can consider that the equation-of-state
w = p/p can be generalized in the form

si=3<1+p)7 (57)
p

where the subscript — refers to the value of € during the contracting phase (which
is characterized by H < 0) and the subscript + indicates the value during the
expanding phase (which is characterized by H > 0). By using the modified
Friedmann equations (46) and (48), one obtains the following expressions for
the pressure p and the energy density p appearing in the equation of state (57):

k2
2 H2+i2
a

(g E)”
) g (5 )

) - (-5 e

In this way, the equation of state (57) becomes

k
2
L(H_kﬁ)z H+a
2 o\ 1/2
5 881G a* /4 1—(1—E<H2+7)>
co ’ ) e /2
2 3 ke 1 pn e 3
H? 7) {1_<1_f(H2 7)) } N
167TG( 2 )t G 5 (H2 5 + .
and the evolution law of the scale factor becomes
_2 ﬁ(ﬁ*";’fﬁﬁ[17(17%(H2+%>)3/2%A
’ %(H,kc;)% H2 4k o
(@) =~ I TG ) (61)

Compatibly with the results obtained in [57], our model based on equations (60)
and (61) determines the following predictions as regards the evolution of the
universe. One deals with cyclic processes, where: during the expanding phases,
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at the beginning the Hubble parameter H () is large and positive and then de-
creases; instead, when the expansion phase ends, one has the beginning of a
contracting phase where e_ >> 1, in which one deals with a (non-singular) clas-
sical bounce phase, which is characterized by a rapid increase of the Hubble
parameter H (t) from a large negative value to a large positive value of approx-
imately the same magnitude while a(t) remains the same. In this situation, the
universe enters the next expansion phase and a new cycle begins. As regards
these cyclic phases of expansion and contraction, we must emphasize that here
there is a non-singular connection between them, compatibly with the bouncing
paradigms. The transition from contraction to expansion corresponds to a crit-
ical point where one deals with a minimal nonzero value of the scale factor ag

and, by imposing the constraint H = 0 into the Friedmann equation (47),

a=aqo
one obtains the following value for the critical energy density:

S E ()>H
IRCOIN

3/2
k
From equation (62), by imposing the constraint 1 — (1 — % (g)) >0,
ap

1/2

Perit =

it follows that the minimal value for the scale factor is:

okc?
2
On the basis of equation (63), if the quantity ¢ tends to the square of Planck

length, such state is not stable and the universe turns out to enter a bouncing
behaviour at this regime.

(63)

ag =

As a consequence of the critical energy density (62), in the expansion phase of
the universe, the scale factor obeys an exponential law of the form

( Bh ~ v t)’ o
(e (o552
quvEV he

while, in the contraction phase, the scale factor satisfies equation

ao(t) =~ A exp

C

5 t>, (65)
( 650 ) <Bl2 pquV)
Apy,gV he

where A;, C, Ay are constants, A; and A, being proportional to the Planck
length, and ¢ is time. Equations (64) and (65), in the regime in which the gener-
alized Compton wavelength tends to the Planck length and C tends to the Planck

ap(t) =~ As exp ( -
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length, lead to results that turn out to be in agreement with the entropic force sce-
nario equipped with a zero-point length correction to the gravitational potential
provided in [54].

Moreover, during the expansion phase of each cycle, the evolution of the uni-
verse is characterized by different periods corresponding to the different values
of 4, i.e. when e, = 2 the dominant form of energy density is radiation and
this situation occurs under the constraint

kc?

ke? o+ -5 k2
(a0 ey e )

+4G107r[ _(1‘%(H2+%622))3/2} A}—, (66)
namejly ) L2 o 24 %022
3 %( a2>41_(1_;(H2+f2))1/2
_ﬁ(H2+%2)_3Glm[1_(1_%(H2+%2))3/2}:0; (67)

when ;. = 3/2 the dominant form of energy density is matter and this occurs
under the constraint

A g (4 55) g - (- 5 ()]

_ 2 (ke LEA .69

(-5 )

finally, when £ ~ 0, the dominant form of energy density is dark energy, under
the constraint

2 (. ko H2+%022 3 5 kc?
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namely
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In the light of equations (59)—(70), we can say that the different forms of evolu-
tion ruled by vacuum energy density, matter and dark energy density, are gener-
ated by a specific peculiar interplay of the discretization of spacetime associated
with the energy fluctuations of the virtual sub-Planckian black holes of the vari-
able quantum vacuum energy density and cosmological parameters. This means
that it is the behaviour of the variable energy density characterizing the ultimate
texture of the sub-Planckian black holes of the 3D DQV that determines what
occurs in the different phases of evolution of the universe. And, therefore, in this
picture, the perspective is opened that indeed dark energy density does not exist
as a primary physical reality but is fixed by specific energy density fluctuations
of of the lattice of the sub-Planckian black holes of the 3D DQV.

On the other hand, by following [58], during evolution, dark energy can be de-
scribed through a scalar field potential of the 3D quantum vacuum V(Apﬁ%).
During the radiation- and matter-dominated phases, the quantum vacuum energy
density fluctuations Apﬁ)% generating the action of dark energy satisfy the con-
straint V' (Apﬁ%) > 0 and here, as a consequence of a corresponding behaviour
of A pﬁ%, one deals with a transition from the accelerated expansion phase to
the contraction phase when the scalar field potential of the 3D quantum vacuum
V(ApDT) changes from V (ApDT7) > 0to V (ApD'E) < 0. In this situation,
the accelerated expansion phase is followed by a ultraslow contraction ruled by
quantum vacuum energy density fluctuations that act as a sort of ekpyrotic field.

The scalar field potential V (Ap2%) of the fluctuations of the quantum vacuum
energy density which generates the action of dark energy, has a crucial role in
determining the specific processes occurring in each cycle, in the sense that it
fixes the time when the domination of dark energy begins and thus the char-
acteristic time scale for the duration of the expanding phase, it generates the
contracting phase as well as it determines the total period of a cycle. Moreover,
taking account of the results obtained in [57, 59], the quantum vacuum energy
density fluctuations and the scalar field potential V' (Apﬁ%), associated with
the action of the dark energy, satisfy the following equation-of-state:

1A ,DE
§quvE

SApDE + v (Ap0)

e-=3 (71)

and the slow contraction characterizing each cycle can be associated to a scalar
field potential depending on Apﬁ% and the granular features of the 3D DQV
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expressed by relation

ApDE ﬁh—CSK Bhe )2+<5Z§W)2H’ (72)

V= _VO b ApszV2 G quvEV he

where Vj is a constant. On the basis of equations (71) and (72), one can derive
important consequences as regards the physical processes occurring during the
contraction phase. In the light of the results obtained in [59], a peculiar solu-
tion is possible where the equation of state of the scalar field (57) converges to
e_ =c?/ 2Apg, gV, determining a big value of € event for short values of the
quantum vacuum energy density fluctuations, thus resolving the homogeneity,
isotropy, and flatness problems. We can therefore say that the discretization of
the spatial geometry associated with the texture of sub-Planckian black holes
of the variable energy density of the 3D DQV lead to a novel re-reading (and
solution) of important issues of contemporary cosmology.

Moreover, we must underline that, in the cycles of evolution of the universe,
the contraction phase turns out to be characterized by a shrinking of the scale
factor a(t) and an even bigger shrinking of the Hubble parameter H (¢) and, in
this regard, it is the discretization of the spatial geometry associated with the
texture of sub-Planckian black holes of the variable energy density of the 3D
DQV that determines the features of these processes. In the light of equation
(71) and (72), the homogeneous ekpyrotic field energy (which is associated with
a value e_ > 1) grows much faster, during the contracting phase, than all other
components (matter, radiation, dark energy, gradient energy, spatial curvature,
anisotropy). As a consequence of this peculiar behaviour, the universe is driven
towards an ultra-uniform, ultra-flat state as the end of a cycle is approached
and the beginning of a new cycle occurs. In these processes, the crucial fact is
that the opportune fluctuations of the quantum vacuum energy density are the
fundamental physical entities which determine the large value of €_ and, in cor-
respondence, the smoothing and flattening effect in space. The potential (72)
ultimately depending on the discretization of the spatial geometry of the tex-
ture of sub-Planckian black holes of the variable energy density has, therefore,
essential roles in each state of each cycle: it provides the source of the dark en-
ergy that rules the accelerated expansion of space in the expansion phase like
the current epoch; it generates the transition from accelerated expansion to slow
contraction; it is the intermediary entity that leads the universe from the contrac-
tion phase to the next accelerated phase of the new cycle; and, finally, it can be
seen as the origin of the hot matter-radiation domination in the phase before the
energy density fluctuations of the 3D DQYV acting as dark energy take over.

In our approach, the net result determined by the fluctuations of the vacuum as-
sociated with the texture of the sub-Planckian black holes of the variable quan-
tum vacuum energy density is that the Friedmann-Robertson-Walker scale factor
a(t) grows from cycle to cycle and thus that the universe can be seen as a time-
less phenomenon in dynamic equilibrium where each cycle of evolution leads to
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the creation of new systems of space and matter which have no end. This is the
fundamental perspective opened by our model based on the modified Friedmann
equations (47) and (48).

In our model, as a consequence of the cyclic processes above described, also
the Hubble parameter H (t) has a cyclic behaviour. Finally, we emphasize that
our model turns out to be in agreement with the current values of astronomical
parameters. In fact, if the minimum value of the Hubble radius 7 is taken as
~ 10725 c¢m, corresponding to a maximum value of the Hubble parameter of
|H| ~ 10'° GeV and we assume that the temperature is 7 ~ 10'° GeV at the
start of the process of creation of new matter in the processes of expansion, one
finds that the scale factor a(t) increases by a factor e'20/5+ ~ 50 by the time the
temperature reaches today’s cosmic microwave background temperature and, in
correspondence, one deals with an increase of the Hubble radius by a factor of
a+ ~ e'20 from a microscopic size of 1072° c¢m to the current value of the
Hubble radius 10%® cm.

In summary, our model predicts that each cycle ends with a non-singular bounce,
where the value of the Hubble parameter H (¢) and the density of matter and ra-
diation have returned to the values they had a cycle before. This implies the
beginning of a new period of oscillation in H(¢) with the creation of new fresh
matter and radiation, that is coherent with results obtained in the context of in-
flationary approaches.

5 Conclusions

If in the 1960s Mead underlined the necessity of exploring gravitational interac-
tion at very short distances [60] and ten years later Hawking realized the crucial
role of “trans-Planckian” regime of infinitely small distances for the understand-
ing of gravity in the thermodynamics of black holes [61], recent research show
how the generalized uncertainty principle represents a fundamental heuristic tool
in order to investigate quantum gravity effects. The existence of a minimal
length scale introduced by generalized uncertainty relations lead to obtain mod-
ified forms of the Friedmann equations, showing how quantum effects induced
at high energies can affect the dynamics of a FLRW universe at early times. In
this regard, in particular, by starting from a quadratic generalized uncertainty
relation of the form
T

AxAp > 3 1+ aQﬁ , (73)
recently a model of modified Friedmann equations has been developed, that lead
to predictions that are in agreement with the standard AC DM cosmological
model in a picture where the contribution of Planck scale does not act as an al-
ternative dark energy fluid and aé < 10%% which is one of the few constraints
obtained with cosmological data [62]. In the light of the impact of general-
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ized uncertainty principle in quantum gravity and cosmology and in the light
of the problems of the standard AC DM cosmological model, it becomes nat-
ural to consider, in the picture of alternative generalized uncertainty relations,
scenarios of modified Friedmann equations, that are compatible with alternative
cosmological models.

In this paper, a novel perspective of modified Friedmann equations has been ex-
plored in the picture of a 3D DQV defined by a variable energy density. By
starting from the alternative form of the generalized uncertainty relation (1),
we have considered a model based on sub-Planckian black holes of the vari-
able energy density of the 3D DQV characterized by the generalized Compton
wavelength (4) as fundamental scale of nature, that leads to an unification of
microphysics of elementary particles and macrophysics of black holes. The tex-
ture of these sub-Planckian black holes of the variable energy density of the 3D
DQYV implies a discretization of spacetime associated with the fundamental scale
represented by the generalized Compton wavelength and, above all, in the cos-
mological regime, leads to modified Friedmann equations where the departure
degree of Friedmann equations from the classical behavior predicted by general
relativity is linked with an opportune term depending of the generalized Comp-
ton wavelength and parameters characterizing the sub-Planckian black holes.
These modified Friedmann equations in the background of the sub-Planckian
black holes allow us to go beyond the results of standard cosmological model,
by implying the absence of singularities in the evolution of the universe and
predicting a cyclic universe scenario, where the Big Bang and the Big Crunch
are phenomena that occur in a cyclic manner, in a picture where the different
forms of evolution ruled by energy density of the vacuum, matter and dark en-
ergy density, are generated by a specific peculiar interplay of the discretization
of spacetime associated with the energy fluctuations of the virtual sub-Planckian
black holes of the variable quantum vacuum energy density and cosmological
parameters. From the modified Friedmann equations ruling the background of
the sub-Planckian black holes of the variable energy density of the 3D DQYV,
a cyclic model of the universe emerges, that leads to novel perspectives of re-
reading of important issues of cosmology, providing results that are compatible
with current research.
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