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Abstract. We incorporate the next-to-leading order (NLO) and the next-to-
next-to-leading order (NNLO) effects in the models of the Singlet Structure
function F3 (x,t) and the gluon distribution G (x,t) using DGLAP equations
approximated at small x. Analytical solutions of Singlet Structure function both
at the next-to leading order (NLO) as well as the next-to-next-to leading or-
der (NNLO) are obtained. We also make phenomenological study of our result
comparing with the exact results.
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1 Introduction

Study of Proton structure function at small x is an important area of research
in recent years. Recently we have reported an analysis of the proton structure
function as well as the gluon distribution at small = using the Taylor approxi-
mated [1,2] DGLAP equations. The precision of the recent experimental data [7]
demands the correction terms of the splitting function atleast upto NLO [8,9] and
preferrably NNLO [10-12] in DGLAP evolution equations. In the present paper
we obtain the corresponding ¢ evolution of the structure function both at NLO
and NNLO. In order to obtain their analytical forms we use plausible relation-
ship between the singlet and gluon distributions [13,20,21] and use Lagrange’s
Auxiliary method [14] to solve the corresponding first order partial differential
equation in z and ¢. In Section 2 we discuss the formalism, Section 3 is devoted
to numerical analysis and lastly in Section 4 we give our conclusions.
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2 Formalism

2.1 Taylor approximated coupled DGLAP equations at small z in
NLO and NNLO

The standard forms of coupled DGLAP evolution equations for the singlet and
the gluon distributions are given as [3,5, 6]
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where Ny is the flavor number. F3 (z,Q?) = z¥(z,Q?) is the singlet
structure function, X(x, Q?) = Zﬁvzfl(qi(:c,@2) + gi(w, Q%)) is the singlet
quark distribution and ¢; and §; are the quarks and antiquarks of flavour i.
G(x,Q?) = xg(x, Q?) is the gluon distribution function. The splitting functions
Pi’js are Altarelli-Parisi splitting kernels and are calculable in the perturbative
approach to QCD. They have been known, for a long time, at three-loop accu-
racy Ref. [10, 11], which is the next-to-next-to-leading order (NNLO or N2LO)
in the expansion in powers of the strong coupling ag

Pij(z,a4(Q%) = Pi?o(x) + %ﬁZ)Pi]}lLO(x)

as(QQ) 2 NNLO
+ (B 22) PN )
The explicit expressions for P O are as in Ref. [6,15,16], Py LO a5 in Ref. [8,9]
and PYNE© as in Ref. [10-12,17].

The scale (Q?) dependence of the strong coupling is controlled by the 3— func-
tion which can be expressed in perturbative series. The one loop (LO), two loop
(NLO) and three loop (NNLO) solutions of the running coupling constant « /27
are respectively [18]
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where
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are the one-loop, two-loop and three-loop corrections respectively to the QCD
B-function and ¢ is defined as t = In(Q?/A?) and A is the QCD cut-off scale
parameter.

The Taylor approximation of ' (£, Q%) and gluon G(Z, Q?) upto O(z) [1,2]

B0 = @00 + oD ,02) )
(2,07 =007+ Do) ®)

Substituting the splitting functions upto NLO and up to NNLO in the DGLAP
equations, we obtain the Taylor approximated DGLAP equations [1, 2] for the
singlet and gluon distribution as the following:

For NLO:
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For NNLO:
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z ox

Taylor approximated DGLAP eqns. (9), (10), (11) and (12) can be solved only
if one assumes plausible analytical relationship between the singlet and gluon
distribution. Generally, exact analytical solution of coupled DGLAP equations
or an explicit relation between quark and gluon distributions are not possible.
Numerical methods are necessary. However, if one assumes that at small z in a
certain () range, such analytical form of gluon and quark distribution is possi-
ble, the most general form can be written as

+ PYNLOES (2,t) + PN O (12)

2N
G(x,t) = xg(z,t) = x Z KiCi(z, t{a@i(z,t) + qiz, )}, (13)

K2

which takes into account the flavor independency of gluon. If the coefficients
K; and C;(z,t) are flavor independent then the expression can be written as

G(x,t) = KC(z,t)Fy (x,1). (14)
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Here, KC'(z,t) represents the ratio of the quark and gluon distribution, i.e
G(z,t
Fy (x.1)
of the ratio was found to be not true in general [19]. In conformity with the
QCD analysis of Lopez and Yndurain [13] and pursued by us later in [20, 21]
we use the plausible ¢ dependent relationship between the singlet and the gluon
distribution

and is in general not factorizable in x and ¢. A purely t—independence

G(x,t) = Kt°Fy (z,t), (15)

where K and o are fitted from experiments [2].

Next-to leading order (NLO):

The above eqns. (9) and (10) becomes respectively as

OFy 8(ta:,t) _ 037(:) [Af (z,t)F5 (x,t) + BY (I,t)%}

+ (%?)2 (G (@, ) Ff (@) + Df(x,t)%}’ 16)
8FQS(9(tx,t) _ o;(rt) |45 (2, ) FS (2, ) + BS (a,1) % ]

e (%0 s nrsn + D3 ZEED] )

where A7 ,(x,t), Bf5(x,1), C7y(w,t), D7 5(x,t) are the integrals over split-
ting functions as given in the eqns. (A1)-(A8) of Appendix A. The Lagrange’s
auxiliary method [14] can be applied to solve eqns.(16) and (17) analytically
only if the ¢ evolution of the strong coupling constant at NLO (aN19(#))? can

2
s(t

be linearised. Defining T'(t) = «ay(t)/2m, we linearise it to be <0¢é( )) _
s

T\T(t) = T?(t) = TyT(t) [22-24], where T} is a parameter to be deter-
mined from the particular range of Q range under study. Following Lagrange’s
method [14] to solve eqns. (16) and (17), we put them in the form as,

S S
10, D | prog n D _ pvio yE (e, as)
S S
Q" (x, ”7%3(? D ppiog, t)ia%af’ D RYIO (2, 1) S (1), (19)
where
NLO(z,t) =1, (20)
PYEO(a,t) = =T (4)[BY (2,t) + Ty DY (x,1)] @
RYFO (1) = T()[AT (2, t) + Ty CF (2, 1)] (22)
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and
NEO(z,t) =1, (23)
PYEO(z,t) = =T (t)[BS (2, t) + T1DF (2, 1)] (24)
RYTO(2,t) = T()[AS (2, 1) + T1C5 (2, )] . (25)

The Lagrange’s equations (18) and (19) are obtained from the solutions of the
auxiliary equation

dx _dt dFy (z,t) 26)
PNEO(x,t) 1 RNIO(z,t)FP(z,t)
The general solution of equations (18) and (19) is given by
fz?,039) =0, 7)

where f (u{v Lo U{VQLO) is arbitrary function of uN Lo v{VQLO are defined below
in eqns. (28) and (30). Let u{'59(z,t) = C} and o LO(x,t, FJ(z,t)) = D}
be two independent solutions of eqn. (26). Solving eqn. (27), we obtain

upy @ (, t) =t X139 (2, 1) (28)
U{VQLO(x,t,FQ (z,t)) = F; (xﬁ)Yf}éLO(x,t), 29)
where
1 dzx
XNLO (4 4) = t*/t e/t exp / (30)
127 (@) { B{ y(x,t) + T1 D oz, t)}

(€29}

A1,2(xat)+Tlcl,2(xvt) ;z:]

Y, VEO x,t) = exp {/
12 (@ 1) BY,(x,t) + T\ Dy (x,t)

anda =2/By;b=p1/53.
The linear combination of ul'3'? (x,t) and v{'5 (x,t, F§ (x,1)) in F§ (x,1) as
in [1]
u]1V2LO Taw {VzLO gNLO (32)
gives
S(I,IT),NLO 1 NLO
F. 1) = —o~Nto— I8 —tXis t 33
2 ('737 ) OéYl{VQLO(JC,t) [6 (33, )} ( )

x,t) and F2S(H)’NLO(377 t) are the solutions of eqns. (18) and (19)
respectively. Using the boundary condition at certain ¢ = %,

FQS(I),NLO(

FQS(I),NLO(I’tO) _ F;(II),NLO(x’tO) _ FQS(x,to) (34)
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We obtain two alternative {— evolution equations for Singlet distribution analyt-
ically at NLO as

t (YlNLO(x,to)) [ XNEO (2, 8) -2 }

S(I),NLO s
F. x,t)=F5(x,tg)— (35)
2 ( ) 2 ( O)to YlNLO(m,t) X{VLO(Z&tO)—%
t (YO (a,to)\ [ X O, t) — 2
FS(II),NLO z,t :FS l’,t v 2 s L0 2 ’ © 36
2 (z,t)=F5( 0)t0<Y2NLO(x)t))[XéVLO(:E,tO)ti} (36)
with ratio
) FQS(II),NLO(Q:’t)
(YlNLO(x»tO))[ X{VEO(,t) — B/t }
_ YINLO (.’L‘,t) X{VLO(x’tO) — ﬁ/to (37)
(3’2“0(17,150))[ X0 (a,t) = B/t } ’
YO (@, 1) /X0 (@, t0) — B/to

which is not equal to unity in general as in LO [1,2]. Even if the factor 8 van-
ishes, because of the ¢ dependence of the functions X{VX€O(x, 1), YNEO(2,t),
XNLO (g 1), YVEO (2, 1), the ratio will not be identity [1,2].

The integral functions of X{N7O(z,t), YNEO (z,t), X310 (x,t), YNEO(x, 1)
occuring in eqns. (35) and (36) are as follows:

XNLO (3 4) — b oxpy E / i (ar (K. t,0) + by (K, 1, o)
+cl(K,t,a)x1n(1/x))_1], (38)
VVEO (a,8) = exp | / dz(a2(K,1,0) +ba(K, £, o)+ da (K, t,0) In(1/)
x (al(K,t,J)—i—bl(K,t,a)x—i—cl(K,t,a)xln(l/x))il}, (39)
XNEO () = /bt exp E / di(a5(K.t,0) + by(K. 1, o)
+es(K t,0)rn(1/) + dy(K, 1,0) In(1 /1)) _1} , 40)
YVEO (2, 4) = exp [ / dx((a4(K,t, o) +ba (K, t,0)a+ds(K,t,0) In(1 /:z:))
x (ag(K,t,a)+bg(K,t,a)a:+03(K,t,cr)xln(1/x)
+dy(K,t,0) 1n(1/x))_1}. 1)

The coefficients a1 (K, t,0), b1(K,t,0), c1(K,t,0), as(K,t,0), bo(K,t,0),
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d2(Kat7U)a a3(K7taU)’ b3(K7t7U)’ C3(K,t,0’), d3(K7t7U)’ a4(Kat7U)’
by(K,t,0), ds(K,t,0) are as given in Appendix B.

Next-to-next-to leading order (NNLO):
For next-to-next-to leading order, substituting eqn. (15) in the the evolution

equations for the singlet and gluon distributions eqns. (11) and (12) respectively
becomes

8F5j9(tm,t) _ a;(f) [A“f(:v,t)FQS(x,t) +Bf(x,t)%}

+ (Oé;;t)f CY (x,t)Fy (z,t) +Df(x,t)%}

+ (ag;t)):” (L8 (0B (a0) + Mls(x,t)%]’ w
ani)(tx,t) _ a;(Tt) {Ag(w,t)FQS(x,t) + Bg(x,t)%]

+ (a;;t)f (G5 @, )FS (@,t) + Df(x,t)%]

+ (Oégfrt)f |15 (0, 0B (2,0) + M;(x,t)%} )

where LY y(z,t), M, (z, t) are as given in the eqns. (A9)-(A12) of Appendix
A.

To proceed further and solve the above two eqns. (42) and (43) by Lagrange’s
method, we need to linearize the cubic term of the strong coupling constant
at NNLO. We linearise through the ansatz T3(t) = T*T(t), where T(t) =
as(t)/2m [22-24] and T3 is a suitable parameter to be determined from the
particular range of Q? range under study. Solving the following Lagrange’s
equations:

s s
NNLO 8F28(t$at) +PNNLO(4 ) anaEZCvt) _ RNNLO (4 ES (1), (44)

Fy Fy
NvLo OFs (xvt)+P21VNLo(x)t)a 5 (z,1) _ RYNLO (4 ES (1), (45)

2 ot ox
where
QO t) =1, (46)
PNNEO(z,t) = =T (t)[Bf o (z,t) + Ty DY o (2, t) + TEMP o (2,t)],  (47)
Ry (a,t) = T()[AT (2. 1) + TiC o (2, 0) + TELT (2, 1)), (48)
we obtain
uys O (@, 1) = X150 (a, 1) (49)

v{\ijLo(m, t, Fzs(x, t)) = FQS(ac7 t)Yf’\gNLO(x, t), (50)
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where

b b2In’t+ b2
XfYQNLO(:E,t) = b/t exp (E — %)

1 dx
X 51
exp 5 | B T T DY T T O
YNNLO (1 4} — AfQ(;v,t)+T10172(x,t)+T22L1)2( x, )d 5
1,2 (z, )7exp[ 5 5 RV x] (52)
Bl72(m,t)+T1D1,2(x,t)+T2M172(x,t)

Here a = 2f30; b = B1/52 as introduced after eqn. (31) and ¢ = 32/35.

The linear combination of uf'3""? (z, t) and v{'3" © (x, t, F (x,1)) in F (1)
asin [1]
uNIVLO | gy NNVLO _ gNNLO (53)

gives two alternative ¢ evolution equation for Singlet distribution in NNLO as

S(I),NNLO t (YVNEO (2 10)
F2 S(I), ( ) F2 (SL’ tO) <YNNLO(xt)

X{VNLO( x,t) — B/t
' [x{v NLO (1, 1) - ﬁ/to] Y
| " YNNLO(x,t )
FQS(II) NNLO( t) F2 (z, to) <YNNLO(xtO)>
XNNLO B/t
- [XéVNLO(z,to) - B/to] >
with ratio
FIUNNNLO () 4
RNNEO (2,) = ;(II NNLO(( ))
(YNNLO( 1y )> { XNNLO (g 1) — B/t }
YNNLO (g,t) ) | XNNEO (2,t0) — B/to (56)

)~
_ )= B/h).
(Yz O(x,to)> { XN (, ; B/t }

}/QNNLO(I7t) XéVNLO(I tO /B/to

which is not equal to unity in general as discussed in LO [1,2] and NLO because
of the ¢ dependence of X{¥NLO (. t) and X5V NVEO (z,t) even if 3 is set to zero.
It is to be noted that the term /3 occuring in eqns. (35), (36) and (54), (55) at LO,
NLO and NNLO may not be in general identical i.e 37© # pNLO £ gNNLO,

The equations (35), (36) and (54), (55) are our main analytical expressions for
singlet distributions in NLO and NNLO respectively. The explicit expressions
for XYV L0 (1), YNEO (2, t) occurring eqns. (54) and (55) are as follows:

b v*(Int)2+v%+c
NNLO _ b/t
Xi (z,t) =t exp (E - 573 )
dx

1
[ /a5(K t,o) + b5 (K, t,0)x + c5(K, t,0)xn(l/x)

X exp

} , D
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YVNEO (1 1) = exp {/dw((%(K,t, o)+ bg(K,t,0)x

+dg(K,t,0)In(1 /x))) <a5(K, t,0)+bs(K,t,0)z

+es(K L, o) ln(l/x)) 71} . (58)

b b (Int)* +b* +c 1
XéVNLO(x,t)ztb/texp(g— ( )2152 )exp[a/dx

X <a7(K, t,o) + b7 (K, t,0)x + c7(K,t,0)xIn(1/x)

+d7(K,t,a)ln(1/x)) } (59)

Y VNEO (1) = exp {/dm(aS(K,t,a) +bs(K,t,0)x
+ds(K,t,0)In(1 /x)) (a7(K, t,0) + by(K,t,0)z
+er(K,t o)z In(1/z) + dr (K, t,0) ln(l/x)) _1} . (60)
The coefficients a5(K, t,0), bs(K,t,0), c5(K,t,0), ag(K,t,0), bs(K,t,0),

dG(K,t,U), a7(K,t,a), b7(K,t,0’), C7(K7t70)’ d7(Kat7U), a8(Kat7U)5
bs(K,t,0), ds(K,t,o0) are as given in Appendix B.

A structure of these functions indicate that they are not analytically solvable.
2.2 Approximate analytical expressions for structure functions
2.2.1 At Leading order (LO)

For numerical analysis of the leading order we use our previous result as given
in the following equations of Ref [2]

t)YlLO(x,to) { X{O(a,t) - & }

S(I),LO S (
F. x,t) = Fy(x,tg)| — (61)
2 ( ) 2( 0) to YlLO(x’t) XlLO($7t0) _ %
FS(II),LO(x t) . Fg(x . )(i) Y2L0(x,to) { X%O(x,t) — g } ©2)
2 ’ 2Nt ) VO (1) LXEO(a,tg) — 21

where the analytical forms of X+©(x,t), Y{/©(z,t), X£©(x,t) and Y5O (x, 1)
are as the following:

In(ln 1)

- 63
Af(2+3;vfma)] ©3)

XEO(a, K t,0) = exp
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1 — 2NyKt°
YlLO(a:,K,t,a):exp{— 3 (/( 2 1f )dx
(2+§NfKta) IH;
NyKt°
+ [ )], (64)
xln -
Kt° x
X0, K t,0) = _— 65
2 (:E, ) ,o’) exXp |:9Af (Kto_i_ 3):| ) ( )
~-Kt°(9+242) 1
Y Oz, K, t,0) =e — K pln— 66
2 ( U) Xp|: Q(th‘i‘%) ( )
and Ay =4/(360)
From the phenomenological observation of both FQS (I)’Lo(x,t) and
FQS(H)’LO(x,t) as in Ref [2], we obtain FQS(I)’LO(x,t) to be more pre-

ferred than the other because of the range of validity in 2 and Q2 [1] and hence
we make the further analysis of NLO and NNLO only with the first evolutions

FYONLO (3 1) and FDNNEO (5 1),

2.2.2 At next-to-leading order (NLO) and at next-to-next-to-leading
order (NNLO)

The analytical forms of the structure functions as in eqns. (35) at NLO and (54)
at NNLO are possible only if we make additional assumptions below whose
validity will be tested subsequently.

We observe that at NLO, among the three functions a1 (K, t, ), b1 (K, t,0) and
c1(K,t, o) arising in eqn.(35) as given in Appendix B.for a given K¢, 0, the
function a; (K, t,0) is smaller compared to b (K, ¢,0) and ¢1 (K, t,0), in the
denominators of X9 (x,t) and Y{N1O(x,t) of eqns.(38) and (39) respec-
tively. Under this assuumption X{V£O(z,¢) and Y{VLO(x,t) are obtained as
the following:

1/-1. 1 ¢ (logt)?
NLO _ 4b/t b/t S L a z
X (x,t) = 7" exp {a( b log - + B2 )} 67)
b e a 1 d aser\ (log 1)?
NLO — 222G, %22 (%2 %29 x
Y (x’t)*eXp[(bl B )x b 08y (bl B2 ) 2
dQCl (IOg l)3 bgCl 1
92 00 5) 229 og - 68
2 3 PR x} (68)

where a = 2/; b = (1/82 as introduced after eqn. (31) and ¢ = 35/ and
the coeffecients by, c1, as, ba, do are as given in Appendix B.

Hence

¢ (YlNLO(wyto))[ X{NO(z,t) —i

FyONEO (1 4) = B (, 1) — .
2 (z,1) v (z O)to YNTO (z,1) X{VLO(x,tO),f
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Similarly at NNLO, among the three functions bs(K,t,0), a5(K,t,0) and
¢5 (K, t,0) arising in eqn. (54 )as given in Appendix B in the denominators of
XNNLO and YNNLO of eqns. (57) and (58) respectively for a given K, ¢, o the
function b5 (K, t, o) is smaller compared to a5(K,t,0) and ¢5(K,t,0). Under
this assuumption XV VL0 (z,¢) and Y{VNEO (2, t) are obtained as the following:

2010 )2 4+ b2
XNNLO (4 4) — /% exp (% b nt)Qt;&- b* + c)

1/x cs 22 s 1
Lz o o, 1)) 70
xexp [a(ag, a2 4 a2 =" (70)

1a685 bﬁ 1C5d6

) = [t ) (12 Lt

3 1 1 5 d
+£ﬂ+xlog,d6+x21og,(_a6c _0576)
9 as T T 2as 2as
1\ D 1\2¢5d
— 23 log <7>6—c5 —x2(10g7> 05—6}, (71)
x/ 3as z/ 3as

where the coeffecients as, c5, ag, bg, dg are as given in Appendix B.

Hence

+ YNNLO ¢ XNNLO J),t _B
FQS(I)’NNLO((E,t):FQS(mvtO)i 1NNLO(:E’ O) J\]}NLO ( ) t@ . (72)
to Y1 (l‘,t) X1 (x,to)*%

Equations (35) and (54) with the definitions of X{V%©(x,t), Y;N1O(x,t) and
XNNLO (2 1), YNNLO (2. 1) as given in eqns. (69) and (72) are the equations
to be tested in the following numerical section.

3 Numerical Analysis

Before testing the models with data and exact result let us first make some ob-
servation on the parameters 7 and 7% occurred in the present approach at NLO
eqns.(35) and NNLO eqns.(54)

NLO:

From the above equations (30) and (31), it is noticed that the evolution
FQS (DNLO ontains a parameter 77 (< 1) which does not occur at LO. It is,
therefore, reasonable to relate 7} as the average value of the QCD running cou-

pling constant for the Q2 range under study.

< (HNEO > NLO 1 2 NLO
T B _ t dt . 7
L 2 ot t) /tl () 7

Here ¢V1© is the proportionality constant and is first set as unity. Choosing t;

and ¢, in the @ range 2 < @ < 100, we obtain 77 = 0.02704 from eqn. (73). To
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Figure 1. Plot of T2(t)NE© and T1T'(t)© (left) and plot of T2 (t)VNL© and T2T(t)L©
(right) versus ¢ for their corresponding ¢’V “© and ¢V VO taken to be unity.

study the qualitative feature of the linearised relation, we plot 7%(t) and T17'(¢)
as a function of ¢ as in Figure 1 (left). The figure indicates that the linearised
approximation T77(t) appears to be valid at around the intersection point of
t = 8.8, corresponding to Q? = 590 GeV?2.

NNLO:

Similarly for NNLO, the linearized parameter T2 (< 1) occurs in the formalism
ineqns. (51) and (52). For arange between t; = In(Q%/A?) tota = In(Q3%/A?),

< t NNLO > 1 ta
Ty <a®TT > cNNLoi/ as(O)NNLOqr . (74)
2T 27T(t2 —tl) t1

Again the proportionality constant ¢V V%O is first set as unity. Choosing ¢; and

to in the ) range 2 < @ < 100, we obtain 75 = 0.0247 from eqn. (74). To
study the qualitative feature of the linearised relation, we plot Figure 1 (right),
and it shows that the linearisation approximation is valid at around small range
of t = 8.8,i.e Q% = 590 GeV2.

We, therefore, first check the validity of our model around Q2 = 590 GeV?2
where the NLO and NNLO conditions are valid.

In the previous work [2], the range of validity of the model was 2 x 107 <
r<1x107%and 2 < Q < 100 GeV for B = —1.016 , K = 1.856, 0 =
0.227. Using the same set of values for those parameters we make our analysis at
NLO and NNLO effects first with the obtained 77 = 0.02704 and 15 = 0.0247
respectively in the same z and Q2 range.

In Figure 2, we plot the singlet structure Functions for LO F2S (n.Lo (61); for
NLO FyDNEC (69) and for NNLO Fi /"N NEC (72) for a range of small
2x107% < 2 <1 x 1072 and at fixed Q2 = 590 GeV? and then compare
with the NNPDF3.0 data [28]. The orange, black and red solid lines in the
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Figure 2. Plots of FQS(I)’LO and FQS(D’NLO, F§<I>’NNLO as a function of x for fixed
@? = 590 GeV? and comparison with the NNPDF3.0 data.

figure represents the LO, NLO and NNLO evolutions respectively. We observe
that the LO as well as the NLO effects are much closer to data. But when NNLO
effects are added the prediction comes below the data. For instance it is observed
that varying the values of 77 and 75 bring the prediction closer to data. As an
illustration we show for 77 = 0.5 and Ty = 10~* with the corresponding values
of CNLO = 18.491 and CVNLO = (0.004 as in Figure 3. At those values of
T and T, the NLO prediction shows a high consistency with the data but we
do not observe any significant rise in the evolution for NNLO correction. which

07 = 590 GeV?
‘ .

100 Lo — NNLO

80 — NLO i
= NNPDF3.0
5 o0 i 1
g
&,

40 il

20 il

L T ¥ L} K 1§
L L I L 1 I L I L L L L 1 L L L L

0.0000 0.0002 0.0004 0.0006 0.0008

X

Figure 3. Plots of FQS(I)’LO and FQS(”’NLO, FQS<I>’NNL0 as a function of z for fixed
Q? = 590 GeV? using 71 = 0.5 and 7> = 10~* and comparison with the NNPDF3.0
data.
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interprets that the parameter 75 is having a very minimal contribution in the
evolution for NNLO correction.

Figure 4 represents the results of () evolution of the singlet structure Functions
FQS(I)’LO and FQS(I)’NLO, FQS(I)’NNLO for a few values of small = bins. Using
our initial set of parameters 77 = (0.02704 and 75 = 0.0247 in our models
FFDNLO 35y and 7 D-NNLO (54) e compare with the NNPDF3.0 data
[28]. In this figure, the orange, black and red solid lines represents LO, NLO
and NNLO evolutions respectively. We observe that our model upto NLO is
valid but when NNLO corrections are taken then the structure function deviates
much below the data as well as with the LO and NLO result. This shows that
our small z approximations in NLO model is validated than those in our NNLO
model. As observed from this work it is clear that the region of validity of our

x-2.x107 x- 8.x1077
500 T T T T T 400 T T T T
4 NNPDE30 — NLO — NNLO 3500 4 NNPDF3.0 — NLO — NNLO |
400 1
— LO 300F — LO
300 250

200

FyS(x)
FS(x

200f 1500

100F
1001

50F

Q Q
x-2.x107 x-5.x107
300 : ‘ : ‘ : 300 ; ;
4 NNPDF3.0 —— NNLO 4 NNPDF3.0 —— NNLO
2500 1 2500
Lo — NLO Lo — NLO
2000 1 2000
) o
£ 1s0f £ 1s0f
o o
100} ] 100}
™ / sop
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Q Q
x> 0.00001 x> 0.00003
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Figure 4. Plots of iy "2 and py(D-NEC | pS (D NNLO

and comparison with the NNPDF3.0 [28].

as a function of @ for fixed x



28 Analytical Models of the Proton Structure Function and Gluon ...

method in NLO model is approximately in the region towards smaller x range:
1077 < z < 10~ for fixed Q2 ~ 590 GeV2.

4 Conclusions

In this paper, we obtained the approximate analytical expressions for the sin-
glet structure functions both at NLO and NNLO from the Taylor approximated
coupled DGLAP equations assuming the adhoc ¢ dependent relation between
the singlet and the gluon distribution consistent with the analysis of Lopez and
Yndurain [13,21]. At LO the phenomenological analysis is done with the three
sets of parameters § = —1.016, K = 1.856,0 = 0.227 while for NLO and
NNLO additional parameters 77 = 0.02704 and 75 = 0.0247 respectively are
needed. Our analysis are done around Q2 = 590 GeV? which corresponds to our
approximation where our higher order approximation is valid. At the extreme
limit of 75 = 0 theoretically, we recover the NLO result from NNLO (as can be
observed from eqn. (51) and (52)) but we do not obtain it from the analytical
expression ((70) and (71)), which may predict that the various approximations
assumed in solving the DGLAP equations upto NNLO may not be all justified.

However we observe that our analytical solution for evolutions of singlet struc-
ture function are in good consistency with the experimental data upto NLO.
With our present model upto NLO, the phenomenological range of validity
for a fixed Q? ~ 590 GeV?, is much towards the region of smaller x range:
1077 < < 10~*, unlike the previous LO model [1,2]. Though various meth-
ods like Laguerre polynomials, Mellin transformation etc. are available in liter-
ature in order to obtain a numerical solution of DGLAP evolution equations, our
method to solve these equations analytically is also a workable alternative upto
NLO.

Finally we conclude this work with a few comments regarding its limitation.
There are several approximations which are used to analytically solve the
DGLAP equations at small = upto NNLO with valid degree of justification:

(1) The PDFs are expanded at small = (7) which has inherent theoretical limita-
tions. In DGLAP evolutions, the integrals extends from O to 1. Thus at small
x one cannot neglect in principle the medium/large = behaviour of the Parton
Distribution functions.

(ii) Equation (15) relating the singlet and the Gluon distribution assumes the x
dependence of both the distribution to be the same upto a proportionality factor,
which may not be true in general. At small scale (Q?) the standard PDF available
in current literarture Ref. [34] suggest such difference. Even in ultra small = and
ultra high ? double asymptotic scaling limit suggest different 2 dependence for
the singlet and gluon distribution. Specifically at double asymptotic limit (ultra
small 2 and ultra large Q) the corresponding gluon and the singlet distribution
have different = dependence in general [2,35,36]. Thus the present assumption
appears to be approximately true at limited = and Q? as has been observed in
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the present work.

(iii) In analytical solutions beyond LO, we need to linearise the t— dependence
of the coupling constant oV 2© (eqn.(5)) and oV VLO (eqn.(6)). It introduces
the parameter 73 and 7> at NLO and NNLO respectively, which is the inherent
limitation of the present analytical approach as had been noted in earlier commu-
nication [24]. Such approximations are however found to be true in the limited
Q? around 590 GeV?2.

Appendix A

The expressions for the functions AP (z,t), BP(z,t), CP(w,t), D (a,t),
L7 (z,t), M7 (x,t), where i = 1,2 involving the integral representation con-
taining the splitting functions as occured in eqns. (16), (17) and (42), (43) are
as follows. AY(z,t), BY (x,t),C?(x,t), Df (x,t) are same in both the cases of
NLO and NNLO.

1 -
A (z,t) = / dz| PLO (x) +2NquLgO(x)Kt"}, (A1)
1 r _— J—
BS(x,t)= [ dz Péo(x)w—i—QNquzo(x)wKt”}, (A2)
ml -
CS (1) = / d=[PNFO() + 2N PAFO () K17, (A3)
S ' NLo (1 —2) NLo 2 T(1=2)
DS (z,t)= / dz[qu () 42N, PO (2) = Kt } (A4)
1 1
AS (@)= = / dz [ngo(x)m“ —l—PﬁIO(:E)}, (A5)
1 ! z(l—2) z(1—2z)
S (@) o O
BS (x,t):Kto/x dz[Png () =——Kt"+P,, (x)T}, (A6)
1 1
Cy(@.0)= o / dz[ P10 (@)Kt + PO (@), (A7)
1 ! x(1—2) x(1—2)
S O o O
DS (x’t):Kt”/w dz[P;gL (2) =Kt S (x)i] (A8)
and
1
LY (z,t)= / dZ[PqIXNLO(m)+2NquJZNLO(a:)Kt”}, (A9)

1
M3 (z,t)= / dz {P;ZNLO(;U)@HN@@MO(@@MU], (A10)

x

1 1
L3 (2, t) =2 / dz [PﬁNLO(x)Kt“+P£NLO(x)} , (A1)

1
M$ (z,t)= Kltg / dz [PNNLO(x)@Kth;;’NLO(m)@}. (A12)
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Appendix B

The coefficients a1 (K, t,0), b1(K,t,0), c1(K,t,0), as(K,t,0), bo(K,t,0),
dy(K,t,0), a3(K,t,0), b3(K,t,0), c3(K,t,0), d3(K,t, 0), as(K,t,0),
by(K,t,0), dy(K,t,0) as given in eqns. (38)-(41) and the coeffecients
as(K,t,0), bs(K,t,0), c5(K,t,0), ag(K,t,0), be(K,t,0), ds¢(K,t,0),
a?(KvtaU)v b7(K7t70)7 C7(Kat70>7 d7(K7taO—)’ GS(Kvtag)’ bg(K,t,U),
ds(K,t,0) as given in eqns. (57)-(60) are listed below:

80
27
8 2N;Kt°
QQ(K’tyo'v Tl) = g + fT
+Kt0(16772 +649 o 1219597>}
216 7T 1080
23

+ Ty(~3414 + TK17) In(2) (B2)
8 3843 61
Ny —3x?

3K 17 1[ 8 9 T
1 /517 4, 80

- R )} B3
KtU( 8 3" V)] (B3)
Ny 12
1203 Kte

20035 7x2  679705.51
i ( )

20
a (K t,0, ) = T1 (o Ny + 5Kt (B1)

3
384217N;
T[—4 136 — ————F
+ Ty | —435.136 <10

as(K,t,0,T1) =6+

3601 T 2 1320
1 (@ . 117r2+2317+103837.66
Kto 274 T3 T 864 81
SON; 20Kt°
a5(K, 1,0, 1) = T L+ = )

+ T2(—19666.936 -+ 38600.48Kt7) (BS)
8  2N;Kt° 384217N;

a(K, 1,0, T2) = 5+ —3 ST

23
+ To(=3414 + L°K17) In(2)

45

+71(5) B4

- 2

+ Ty(—435.136 —

+ T2(4061.071 — 3921.587 x 8Kt) (B6)

I 3843 GIN; .,
ar (K, 8,0, T2) = 6+ o +T2[ e e
LTt sy
Kio'1s 3 2
3240.749
+ 73 (135083.174 + =)

(B7)
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Ny 12
12 3 Kto
20035 7x2  679705.51
ot [ﬁ Tty T T 1320
1 (@N N 1172 L 217, 103837.66)
Kto\27 /" 73 864 81

+ T (425)} + 73— 87979.885 %)

5 - 416151 627740.73
bl(KatvgaTl):7§NfKt +7_‘1|: 394 f— 5832
1659953 72 204 883
ST T (- —f—Kt">l |
2160 +27) ( 81 2)
—16791.29 3593Ny 125Kt°

12 108 16
2
1 619, 205
Kto 108 32
in? 12
1 (79649_L_78Nf>} B
Kto \ 81 3 27
5 A16151N;  627740.73
bo(K,t,0,Ts) = 5 Ny +T2[ o I _ 5

O I TN )

+ T2(—12075.005 — 329142.4Kt”) (B12)
~16791.29 | 3593N; 125Kt”)
12 108 16
+ T2(—2143.669 — 22467.4 x 8Kt%) (B13)
2 989 2557 20
T ( Ny +dn? 4 220 )
sice) T e\ gV t 32 Kto

1 /5104 208
Lar? 4+ 20N )}
+T2[Kt0< 81 otV

22436.808
+ T22< 139453698 — TU)

679 2305
12K1° +1 T[ Ny — 220 g2
o | +16) + T2 | 755 32

1 (79649 472 128Nf>:|

(BY)

LKt ( (B9)

4
by(K,t,0,T}) :g_NfKt"—i—Tl( ) (B10)

by(K,t,0,T1) = — (12Kt + 16) + T {

4
be(K,t,0,Ty) = g—NfKt”JrTQ(

b7(K5 t,O’, TQ) = (8 +

(B14)

bS(Katvaa TQ)

Kto
+ T2 (49919.486 +

19159.5) (B15)

Kto

(B16)
30634.98 158355
144 4374

C1(Kat70,T1):T1{
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39634.98 158355 L/395 1533
C5(K’t’U’T2)_T2[ 14 agra VoK (QTGNf_ 144 )}
+ T2(3866.215 + 218339.68K17) (B18)
16 989 2557 20
K. t.0,Ty) = —12 fT(— Ar? 4 2220 )
cr(Kt,0,T3) tage 2™ T T sy T ke
1 /5104 ., 208
+T2[Ktv( TR +T7Nf)}
92436.898
+ T3~ 139453.698 T) (B19)
P
dy(K,t,0,T1) = Tl(i—ng n ?Oth’) (B20)
1 .8 3843 61 )
d4(K7t,U,T1) = KT (KT + g) +T1 [TB - ng — 37
1 /517 47?2 80
o (s~ 5 7)) (B21)
80 20
K.t,0,Ty) = To(o= Ny + = Kt°
+ T5(—1908740 + 4825.06 x 8Kt7) (B22)
1 o8 3843 61 ,
As(K,,0,T2) = (kT +3)+T2[ = — o Ny =8
1 /517 4x% 80
7 (s~ 5 7))
3240.75
+ T2 (135983.313 - ) (B23)
Kt
45
dg(Kﬂf,O’, Tl) = le (B24)
45
do(K, 1,0, T3) = Ty (B25)
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