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Abstract. A model of time as numerical order of material change inside a
fundamental timeless three-dimensional dynamic quantum vacuum defined by
a variable energy density is proposed. The emergence of time as a mathemat-
ical parameter that does not flow on its own but derives as a consequence of
the entanglement between a system and a clock, is explored in a picture where
the three-dimensional quantum vacuum is subjected to a dissipative hydrody-
namics. Perspectives as regards the treatment of entangled systems of two inter-
acting qubits in the three-dimensional dynamic quantum vacuum subjected to a
dissipative hydrodynamics are analysed.
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1 Introduction

If time has always puzzled philosophers and scientists and the whole develop-
ment of theoretical physics can be seen as a continuous improvement of the
models of space and time, today, in the light of the most significant research
on quantum gravity, the notion of time intended as a primary physical reality,
as an independent physical dimension which has existence on its own, seems to
have no fundamental citizenship. By virtue of the “deformable time” of gen-
eral relativity and the notion of a timeless quantum vacuum as a fabric of re-
ality introduced by quantum physics, at the beginning of the third millennium
a new vision of time is emerging in theoretical physics: particles move in a
timeless space background and time as-measured with clocks exists only as an
emergent mathematical parameter indicating the numerical order of particles’
change [1,2].
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In Newtonian physics as well as in conventional quantum mechanics, time is
treated as a background idealized parameter which marks the evolution of the
system, as a special physical quantity that plays the role of the independent vari-
able of physical evolution. Newtonian mechanics is based on the assumption
that such an unobservable, absolute time with a unique topological and met-
rical structure exists, in terms of which the dynamics is defined. In a similar
way, quantum mechanics made time a parameter, external to the theory and not
recognizable as an observable. Both in the Schrodinger formulation and in the
Heisenberg formulation of standard quantum mechanics, time is not represented
as an operator acting on the relevant Hilbert space, but is considered as part of
an a priori given classical background with a well-defined value, in other words
is a Newtonian time, i.e., an absolute global time. In fact, the two main methods
of quantization, namely, Dirac’s canonical quantization method and Feynman’s
path integral method are based on classical constraints which become operators
annihilating the physical states, and on the sum over all possible classical trajec-
tories, sum over histories, respectively. Both quantization methods rely on the
Newtonian global and absolute time [3].

On the other hand, in general relativity, as a consequence of the fully relational
dynamics of the gravitational field and of any other dynamical object, of the
fact that the space-time metric is no longer fixed, immune to change, Newton’s
time does not exist but is replaced by different possible internal times, related
to specific physical clocks. In general relativity, change is described in terms
of a relation among equal footing variables and time is a complicated non-local
function of the gravitational field which is associated with a given world line [4].

As regards the nature of time, there is therefore something that strides between
the two most important theories of contemporary physics: general relativity does
not seem to possess a natural time variable, while quantum theory relies quite
heavily on a preferred time, thus generating a situation of impasse when one
seeks an unification of gravity with quantum theory or, more precisely, seeks an
accommodation of gravity into the quantum framework. As well known, quanti-
zation methods, when applied to general relativity, lead to the Wheeler—DeWitt
equation [5, 6], a second order functional differential equation, which leads to
the so-called frozen formalism time-problem in quantum gravity, according to
which, in apparent contradiction with everyday experience, nothing at all seems
to happen in the universe. Just as a consequence of the fact that the nature of time
in quantum gravity is not yet clear, it emerges the time arbitrariness problem, the
so-called “problem of time” of quantum gravity [7-9].

The impossibility to treat time as any other observable in quantum mechanics
is incompatible with the tenet of general relativity regarding the introduction of
“spacetime”. In this way, discussions about the role of time in quantum mechan-
ics have been developed for some decades, leading to different proposals on how
to overcome what is considered a weakness of the quantum theory, that mines
the capacity of this theory to describe the aspects of the world. An attempt of
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finding a solution was introduced by D.N. Page and W.K. Wotters in 1983 in the
realm of quantum information, which formalizes the idea that the expression “at
a certain time ¢ should be understood as “conditioned to a clock being in a state
characterized by a certain value ¢” [10]. This proposal, which can be called as
the “Page and Wootters (PaW) mechanism”, is based on the idea that the actual
time ¢ for an evolving system is set by the fact that another system (referred to as
the clock”) be in a state labelled by the value ¢, in a picture where system and
clock together are assumed to be in an entangled state. The PaW mechanics is
physically motivated by the observation that the notion of time can be replaced
by the notion of quantum correlations between the clock (C) and the physical
system of interest (R), that different states of C' correspond different states of
R but the whole U = R + C remains in a stationary state. In this sense, in the
PaW approach both the dynamics and time emerge from non-local correlations,
i.e. the emergence of time and the notion of entanglement can be someway
mixed together [11]. The PaW mechanism has been extensively used, and its
assumptions scrutinized, in the recent literature, both from the theoretical and
the experimental viewpoint [11-25].

Moreover, in recent years it has been shown how the PaW mechanism can be
applied to operationally define local time reference frames associated with sev-
eral quantum clocks, able to investigate time dilation, gravitational interaction
and the causal structure of processes in general relativity [25,26]. The rela-
tionship of the PaW formalism with other approaches to quantum gravity and,
more generally, to quantum mechanics [27] and to the definition of (time-) ref-
erence frames, quantum observables and their classical limit has also been ex-
plored [28]. Within the framework of the PaW mechanism, both the quantum
Schrodinger equation and the classical Hamilton equations of motion are de-
rived in a manner that consistently identifies the physical quantity that plays the
role of time in both equations [29]. Moreover, in [30] a new definition of time
has been considered, where the evolving system I' and its clock C' are described
as non-interacting, entangled systems, with a discrete spectrum, and it has been
explored how the quantum dynamics transforms into a classical-like behaviour
when conditions related with macroscopicity are met by the clock alone, or by
both the clock and the evolving system, and how the clock C' can describe the
standard dynamics of I" regardless of whether the latter is quantum or classical.
While the implementation of the PaW constraint leads to strict conditions on
the parameters setting the energy scales of the two systems and on the allowed
states appearing in the global entangled state, the possibility to describe the full
dynamics of I' can be recovered, when the macroscopic (classical limit) of the
clock-system is taken in order to reconcile the quantum definition of time by
the PaW mechanism with the usual classical “time” variable appearing in the
Schrodinger equation. This new definition of time implies thus that what we
once thought was a fundamental element of our physical reality could indeed be
an illusion created by quantum entanglement, that the only reason that an object
appears to change over time is because it is entangled with a clock.
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In this paper, in affinity with these current research, our aim is to go a step ahead,
by introducing a model of clocks in the view of the three-dimensional dynamic
quantum vacuum (3D DQV), defined by a variable energy density, which has
been developed by the authors of this paper. The structure of the paper is the
following. In Section 2, after reviewing the basic features of the model of the
3D DQYV, we explore how, by starting from the variable energy density of the
3D DQV, one can build a concept of clock which measures frequency, speed and
numerical order of material changes. In Section 3 we analyse the link between
numerical order of material change with quantum entanglement in systems of
two interacting qubits. In Section 4 we summarize the main results of the paper.

2 Clocks as Measuring Systems of the Numerical Order of Material
Change in the Three-Dimensional Dynamic Quantum Vacuum

The model of the 3D DQV introduces the perspective that ordinary matter, dark
matter and dark energy are emergent structures which assume the form of spe-
cific excited states of the quantum vacuum corresponding to specific fluctuations
of a fundamental quantum vacuum energy density. In this model, the back-
ground space of physical processes is a 3D quantum vacuum where each el-
ementary particle is determined by elementary reduction-state (RS) processes
of creation/annihilation of quanta (more precisely, of virtual pairs particles-
antiparticles) corresponding to opportune changes of energy density of the vac-
uum [31,32]. The virtual particles-antiparticles corresponding to the RS pro-
cesses of creation/annihilation of the 3D quantum vacuum give rise to a total
zero spin, thus constituting an organized Bose ensemble, analogous to the su-
perfluid helium [33]. By defining the “ground state” of the fundamental quan-
tum vacuum as the physical state characterized by the maximum value of the
quantum vacuum energy density namely the Planck energy density

M 2
poE = ;lc = 4.641266 x 10'13.7/m?, M
p

where Mp; is Planck’s mass, c is the light speed and [, is Planck’s length. In
this model the appearance of ordinary matter of the Standard Model corresponds
to opportune excited states of the quantum vacuum which are characterized by
suitable diminutions of the quantum vacuum energy density corresponding to el-
ementary reduction-state (RS) processes of creation/annihilation of virtual par-
ticle/antiparticle pairs, given by relation

ch

ApguE = ppE —p = N 2
with respect to the ground state, depending on the amount of mass m of the
particle and the volume V' of the region where the actualization of the particle
occurs. In a similar way, dark energy cannot be considered as a primary physical
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reality but its action is an emerging process which is generated by opportune
quantum vacuum energy density fluctuations Apﬁ% on the basis of relation

_ 35G¢c (V DE>6
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where 7 is Planck’s reduced constant and G is Newton’s gravitational constant.
As shown in [31,32,34-36], the dark energy density (3) can be associated to the
action of a cosmological constant and is responsible of the curvature of space-
time. Here, ordinary matter, dark matter and dark energy can receive somewhat
an unifying description in the sense that can be seen as opportune states of the
fundamental quantum vacuum intended as the primary matrix of the world. This
model of quantum vacuum has the merit to suggest interesting perspectives of
unification of gravity and quantum theory and of a completion of the Standard
Model where the action of the Higgs boson does not exist as an irreducible re-
ality but emerges from something more fundamental, namely as the interplay of
opportune fluctuations of the quantum vacuum energy density (see, for exam-
ple, [2,31,32,34-36]).

A crucial perspective suggested by the view of the 3D DQV is that the dura-
tion of physical phenomena is not a primary physical reality but depends on the
motion of matter and requires the measurement of an observer. In other words,
evolution can be described in terms of a mathematical parameter measuring only
the ordering of events, with clocks we measure frequency, speed and numerical
order of material changes.

The concept of physical clock/time as a parameter measuring the order of the
dynamics of processes inside a fundamental timeless background is suggested
by various current research. In particular, in [37-39] Elze developed a model of
time which implies that “time passes” when there is an observable change, which
is localized with the observer, that physical time is an emergent discrete quantity
related to the increasing number of incidents, i.e. observable unit changes, and
thus only coincidences of points of the trajectory of the system with appropriate
detectors exist as physical reality. In analogous way, in [40] Caticha considered
an “entropic” notion of time in which time emerges as a device to keep track
of the accumulation of small changes and it is only the correlations among the
particles of interest and the clock that are observable and not their “absolute”
order. Finally, in [41] Prati showed that, in a timeless Hamiltonian framework,
a physical system S, if complex enough, can be separated in a subsystem S2
whose dynamics is described, and another cyclic subsystem S1 which behaves
as a clock where, as a consequence of the gauge invariance the complex system S
can be separated in many ways in a part which constitutes the clock and the rest.
This means, from the physical point of view, that the ticking of each subsystem
which acts as a clock provides a different reference system in order to describe
the dynamics, that as a consequence of the gauge invariance, by changing the
separation inside S we obtain different measuring systems of the dynamics tak-
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ing place in S and therefore that time as an idealized quantity that flows on its
own does not exist. On the basis of Prati’s model, the numerical order of ma-
terial changes is defined in a precise mathematical way in the following way.
For a given &, a state ¢/ of the system S consists of the tensor product of the
state ¢, (5) € Hy and the state ¢5 () € Hy where Hy and H; are the Hilbert
spaces of the subsystems S1 and S2 respectively. Given the interval (04, 05),
by introducing the set:

Q(oa,0) ={Y2(0) € Ha/o € (04,0B)}, )

which is a particular set of states associated with the interval (o4,05),
Q(oa,0B) C Hy, physical time T of the interval (c4,0p), as numerical
order of the material motion of the system S2 can be defined mathematically as
a counter function k4 p that provides the number of states 12 (0) € Q of the
subsystem S2 whose dynamics is studied that satisfies an appropriate initial con-
dition (namely the origin of measurement) 1 (o) = 1; of the subsystem acting
as a clock.

In summary, according to Elze’s approach of time, Caticha’s approach of en-
tropic time and Prati’s model of physical clock time, material changes do not run
in a time intended as a primary, fundamental physical reality, but instead time is
a mathematical quantity which emerges from a more fundamental timeless back-
ground. Now, the model of the 3D DQYV allows us to go beyond by showing in
an elegant and simple way in what sense clocks represent measuring systems of
the numerical order of material changes in the context of an a-temporal descrip-
tion of motion in physics. In this paper, we want to show how the concept of
time as sequential numerical order of material change, as a counter function of
the number of states regarding the dynamics of the system under consideration,
can be implemented in the 3D DQYV, as a phenomenon that derives from the fun-
damental variable quantum vacuum energy density. In this regard, we will make
two steps as regards the description of the entanglement between the evolving
system under study and the clock: in the first, we will consider that the clock
belongs to the family of spin systems of the 3D DQYV and the state of the com-
posite system is projected upon generalized coherent states; in the other, we will
explore how the energy fluctuations of the vacuum which determine the entan-
glement between clock and evolving system correspond physically to a dissipa-
tive hydrodynamics and act at a fundamental scale where Compton wavelength
and Schwarzschild radius are unified.

2.1 Numerical order of material change in clocks modelled as
spin-systems

In Quantum Mechanics any physical system is described by a theory defined
by some representation of a Lie-algebra }, i.e. by a Hilbert space A and the
commutation relations [-, -] between the operators acting on H that describe the
observables of the system. The specific algebra is identified by requiring that the
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Hamiltonian [ ruling the dynamical evolution of the system belongs to }. In our
model of 3D DQYV, each physical system derives from opportune aggregates of
modes of the fundamental 3D DQV characterized by specific quantum vacuum
energy density fluctuations, so we can consider that the two systems of interest,
namely the clock C' and the evolving system I', are opportune states of the 3D
DQV. By invoking a hydrodynamic picture, I' is associated with modes of the
3D DQV with mass

M = ALZEV 3)
c
and frequency
w=c?/D, (6)

where n is the number of the RS processes of virtual sub-particles characterizing
the vacuum medium and
_ he?n
20pqwEV

is the diffusion coefficient associated with the scattering of the virtual sub-
particles characterizing the vacuum medium in a given volume V. By substi-
tuting (7) into (6), the frequency of the elementary modes of the vacuum are
therefore

@)

2ApgueV
= —fE ®)
n
a
By introducing the normalized bosonic operators —~——= such that
“VApgweV
2
Aot c1
a,a'| = ——, ©))
[ ] ApgweV
the Hamiltonian of I may be defined as
A2 3173 2
. p 1 2A2 4ApguE”V (A cI1 )
H = M = 10
I~ oM + h2n2c2? 20pguEV (10)

with s = ata, § = | /3" (0 + a) and p = SLmEL [2002Y (41 — q),
Then, we consider that the clock C' belongs to the family of spin systems of
the 3D DQYV, described by the Lie algebra su(2), whose representation on some
(2J+1)-dimensional Hilbert space is spanned by the operators {Jg, J 1, Jo} such
that [J;, J;] = iegnJi withi(j, k) = 0, 1, 2, and the Casimir J3 + J7 + J3 =
J(J + 1)I that provides the spin J of the system. More precisely, C'is a spin-
J system if it is immerged in an external magnetic field pointing in a direction
labelled by the above index . Moreover, we use the normalized spin operators
Ji = Ji/J, such that

LN T4
[G0s33] = ineisn an
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and thus the Hamiltonian of the clock reads
He =eJjo+ FI (12)

with eJ and F' positive energies. If we refer to the PaW mechanism, we assume
that I" and C' do not interact namely that the total Hamiltonian of the composite
system can be expressed as

H=Hc®Ip+Ic® Hy (13)

and that the state ¥ of the composite system is isolated, i.e. is a pure state
of the total Hamiltonian (13) such that H|¥) = 0 and is entangled. By
considering the mathematics developed in [30], in the Hilbert spaces H~ and
Hr of the clock and the evolving system, spanned respectively by {|.J, m),
m=—J,—J+1,...,J}and {|n), n € N}, any state of the composite system
W can be expressed as

[e'S) J
|\I’> = Z Z Cnm‘Jv m>C‘n>F with Z |c774’m|2 =1 (14

n=0m=—J n,m
and therefore one has the constraint
A Vv 1
> e {e(m ) - =i (n + 2)} [m)eln)r =0 (15)

n,m

implying

Crhm = Cm0 [e(m—l—J)—W (n—&—;)] . (16)

This means that the coefficients c,,,, turn out to be different from zero if the
quantum numbers n and m satisfy the following constraint:

1
n+§:mr(m+J)7 a7
where - A
R:“i”g and r:pgi“EV. (18)
2qu’UE V2 c?J

On the basis of equations (17) and (18), in order to satisfy the constraints regard-
ing the state of the composite system, once « and r are fixed, only some states
|.J,m)|n)r can appear in the decomposition (14). Moreover, since the state ¥
is entangled, at least two pairs (m, n) exist that satisfy equation (17). In the
most general case, there exist pairs (m, n) if

2, +1
T 2,
m=dp(204+1)=J, n=ri, (20 +1)+1 (20)

Kr , tntm €N, (19)
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with zo,l,z,...,VlJ @1)
i 2
and J > 3i,,/2, (22)

where the last inequality ensures that there are at least two allowed (m, n) pairs,
i.e. that |U) is entangled. When equation (17) holds, the coefficients in (14)
depend on one index only, say m, and one can write

1
|0y = Z em|J,mye|n)r  with ng, =kr(m+J) — B (23)
meA

with A the set of integers m consistent with equations (19)-(22). Following
[29,30], one can consider Generalized Coherent States (GCS) for the clock, i.e.
the su(2) — C'S, also known as Spin Coherent States (SCS), defined as

Q0) = ¥+ ) ), (24)
where Jo = J; + iJ; and Q(6, ©) = (§/2)e~ . Here, if one partially project

the state of the composite system upon SCS of C, one obtains a normalized state
¢9(p) which satisfies a Schrodinger equation

d ~
ihe%|¢9(¢)>r = Hr|¢e(p))r (25)

with fip /e as time and the following mathematical expression for the wave func-
tion of the composite system:

E Cm (nf_;_]J)l/2 (COS g)me (Sin g) Jm e—iW(J+m) |nm>l"

|éo(p))r = =4 iy o2(T—m) . o\2(Tm)
= JenlP () (cn 7 (i)

me

(26)
On the basis of the approach based on equations (10)-(26), once the parameters
of the Hamiltonians (10) and (12) are fixed, one finds that the system C' can mark
the time for the evolution of I" via the PaW mechanism only if its dynamics is
limited to a subspace of Hr, defined by the variable quantum vacuum energy
density Apgy £, the frequency of the modes of the vacuum w depending of the
fluctuations of the quantum vacuum energy density themselves, the parameter e,
and the Casimir. The fact that time measured by the clock C' emerges only if
the dynamics of the system under study is associated with a peculiar subspace of
the Hamiltonian H[‘ means that time does not label an external, absolute, global,
idealized temporal dimension that flows on its own in the universe but exists only
as a mathematical parameter measuring the sequential numerical order of mate-
rial change that is ultimately determined by the variable quantum vacuum energy
density and the frequency modes of the vacuum. The entanglement between the
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evolving system I" and the clock C' can be associated to more fundamental fluc-
tuations of the energy density of the 3D DQYV, and these fluctuations generate the
numerical order of material change of the system I' that we experience as time.
In other words, one can say that the 3D DQV can be considered as the ultimate
origin of the entanglement between the system under study and the clock and
thus of the speed and numerical order which describes the material change of
our system.

In this picture, the ground state of the 3D DQYV, corresponding to the Planck en-
ergy density (1), is ultimately a timeless background. Time has origin in the form
of sequential numerical order of material change when the 3D DQV overcomes
a transition towards excited states that are characterized by opportune fluctua-
tions of the quantum vacuum energy density and are associated with opportune
modes of the vacuum with certain frequencies which make that only some states
of the form |.J, m).|n)r appear in the decomposition (14), that are fixed by spe-
cific values of the quantities x and r. As a consequence of these fundamental
processes regarding the 3D DQYV, the dynamics of the evolving system I that is
ruled by the Schrodinger equation (25) can be considered a direct result of the
coupling between the clock and the system in a picture where the quantity fip /e
representing time as numerical order of change is given by the ratio between two
parameters associated with the spin coherent states and the energy of the clock,
which ultimately derive from the fluctuations of the quantum vacuum energy
density themselves.

In summary, we can say that time measured by clocks emerges as a mathematical
quantity which is generated by the frequency modes of the 3D DQV associated
with the variations of the quantum vacuum energy density with respect to its
ground state. In other words, the entanglement between the evolving system
and the clock generates a counter function labelled by the hands of the clock
which is linked with the frequency modes of the 3D DQYV, namely with the vari-
ations of the quantum vacuum energy density with respect to the ground state
of the vacuum. Therefore, it is the frequency modes of the 3D DQV, i.e. the
changes of the quantum vacuum energy density which occur in correspondence
to the entanglement between the evolving system and the clock, that justify in
what sense the research mentioned above regarding clock/time imply a concept
of time as an emergent mathematical quantity that measures the numerical order
of the dynamics. Elze’s definition of time as an emergent discrete quantity re-
lated to the observable unit changes, corresponding to the coincidences of points
of the trajectory of the system with appropriate detectors, Caticha’s “entropic”
notion of time as a device to keep track of the accumulation of small changes
and Prati’s counter function k4 p that provides the number of states of the sub-
system whose dynamics is studied that satisfies an appropriate initial condition
(namely the origin of measurement) of the subsystem acting as a clock, all these
models imply that time is a measuring system of the numerical order of material
changes as a consequence of the fluctuations of the energy density of the fun-
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damental timeless 3D DQV. Now, the next step regards the search for an appro-
priate mathematical formulation of time intended as numerical order of material
changes associated with the elementary fluctuations of the energy density of the
3D DQV, which can be considered somewhat universal.

2.2 Numerical order of material change as a consequence of the dis-
sipative hydrodynamics of the vacuum at a fundamental unifying
scale

In Section 2.1 we have analysed how the entanglement between the clock and the
evolving system can be mathematically described in a picture where the clock is
modelled as a spin-system, explaining in what sense time emerges as numerical
order of material change in the case of spin coherent states of the clock. Now our
aim is to go a step ahead, to search for a fundamental mathematical definition
of time as numerical order, namely to find the mathematical relation between
time and the energy density fluctuations of the 3D DQV. In this regard, we start
by the hypothesis that, as a consequence of the entanglement between systems
and clocks, the states of the clock are ultimately determined by the bath of ele-
mentary quantum vacuum energy density fluctuations subjected to a dissipative
hydrodynamics.

By following the treatment made in [42], we consider that the Universe is a
bipartite quantum system constituted by the clock C and the evolving system
I" where a pure state of the universe is expressed in terms of the orthonormal
basis {|z)r ® [t)c = |x)r|t)c} where {|x)r} and {|t)c} are orthonormal ba-
sis of the Hamiltonian of the system pr and the Hamiltonian of the clock H, c
respectively. On the basis of the results obtained in [43], the evolving system
I" and the clock C' are ultimately associated with states of the 3D DQV whose
geometry is characterized by the existence of a scale which provides an unifica-
tion of Compton wavelength and Schwarzschild radius, namely the generalized
Compton wavelength given by relation

th 2 Ap ’L)EV 2
/o pl 2 q
¢ RS \/ ( quvEV > - ﬁlp he ’ (27)

where the parameter [ is a fluctuating quantity which expresses the fact that here
space-time fluctuations fix the minimal length scale only on average and can be
associated with the Planck scale. In the light of the scale (27), microscopic sys-
tems and macroscopic regime can be seen as emergent physical structures which
derive from more elementary objects, which can be called “sub-Planckian black
holes of the variable energy density of the 3D DQV”, i.e. mechanical objects
which simultaneously have the properties of elementary particles and of black
holes, which can be seen as the collective behaviour of the more fundamental
variable quantum vacuum energy density [43]. We observe that, in the regime
ApgeV/ c? < Mp; (where Mpy is the Planck mass), the generalized Compton
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wavelength (27) tends to the standard value of the Compton wavelength of ele-
mentary particles which corresponds to the approximation of (27) with relation

1+ 2 AoV
B2\ 2Mp,

while for Apy, gV /c® > Mp, the generalized Compton wavelength (4) tends
to the standard value of the Schwarzschild radius which corresponds to the ap-

proximation of (27) with relation
L (M )
8 quv EV

in agreement with the results obtained in [44—49].

’ Bhc

~ 28
RC quvEV ’ ( )

quUEV

Rl ~ 12
s~ Pl hc

(29)

Now, in the background ruled by the generalized Compton wavelength (27), we
consider that the entanglement between the clock and the evolving system can
be associated to a dissipative hydrodynamics of the vacuum, namely ultimately
corresponds to deviations of the vacuum from the superfluid features near the
Planck scale that can be expressed by an opportune dispersion relation of the

form )
4
c*h 4

— 30
quvE2V2 ( )

where the wave number k is assimilated just to the inverse of the generalized
Compton wavelength (27), yielding [50]

W2 = 2k2 _

2
2 C

w- = (Ap/z}zEv) (ﬁlQquva)
_ A’ - (3D
o)+ (25

In the light of the dissipative features of the 3D DQV described by the dispersion
relation (31), we can say that the states of the clock are ruled by a non-linear
Schrodinger equation, a new peculiar version of the Gross—Pitaevskij equation
of the form

oy —h2 2 2
E:%VWH_;? ( - ) C<m2gpqu)2

AquEV

ih

2
c*h

1/2
P [T ey R H

ApgurV

my*yY + Uy, (32)
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where m is the mass of each virtual particle (namely sub-planckian black hole)

of the physical vacuum, U is the potential energy relating to the single virtual

length?
particle and v is a v150051ty coefficient having the dimensions <&~ which can

be expressed as v = a’w/(2m) where a is the scattering length between the vir-
tual particles. As a consequence of the dissipative hydrodynamics described by
the Gross-Pitaevskij equation (32), the time marked by the clock is a continuous
label which has the physical meaning of numerical order of material change as-
sociated with the dynamics of the system under study, that can be associated to
the inverse of the frequency defined by the dispersion relation (31), namely

2

(Apﬁ(j;v) (552 quvEV)

t=

Nl

2

4h
_ ¢ — 2] (33)
2 hic pqu
200V (stie) o+ (3555)
and can be associated to a quantum observable T as follows:
2
. c
Tlt)e = [ e v
qu
(wter) + (o)
1
C4h2 2
- |t>c . (34)

s ) T

The physical meaning of equation (34) is just that the entanglement between
the evolving system and the clock generates a counter function labelled by the
hands of the clock which is linked with the frequency modes of the 3D DQYV,
namely with the variations of the quantum vacuum energy density, that are ul-
timately determined by the dissipative features of the vacuum. In particular, in
the regime Apg,V /c* < Mp;, which corresponds to the quantum regime, the
generalized Compton wavelength (27) can be approximated with relation (28)
and therefore for the numerical order of material change (33) one can use the
approximation

t =
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while in the regime Ap,,gV/ c® > Mp;, which corresponds to the regime of
classical general relativity, the generalized Compton wavelength (27) tends to
relation (29) and, therefore, for the numerical order of material change (33) one
can use the approximation

02

t:[ Ap EV B2 ( Mpc? 41\2
(e w () )

1
2 T2

c*h

> I\ 4
Bogs®V2 (A1 255 14 5 (S5 ) ]) ]

(36)

Moreover, always taking account the results obtained in [42], we assume that
H¢ and the clock’s observable 7 obey the commutation relation

[”f : ﬁc} —ih, 37)

which physically means that He is the generator of displacements in the position
of the clock’s hands, i.e. that for an infinitesimal displacement dt it follows that
e~ledt/eh|t) o = |t + dt)c. Now, the state of ' when the clock reads t, i.e.
when the clock is in the state |¢)¢, is obtained by projecting |¥') onto |¢t)c and
can be denoted as |¢(¢))r = (¢|T). In this way we obtain

0 i, -
G 1ot = (o) (38)

"liaking account, on the basis of (13), that fIc ® ip = H - ic ® pr and that
H|T) = 0, one obtains

b A . i . . —i A
el = Ut o @ Arlw) = (tlic © Hr|¥) = T Ar)
= —Hrlo(®)r (39)

and therefore

zh—|¢< ))r = Hr|é(t))r (40)

which is the usual Schrédinger equation for the state of the evolving system.

On the basis of the approach based on equations (27)-(40), one can draw the
following crucial results. The dynamical scenario satisfied by the relative state of
the rest of the Universe, namely the system under consideration (and expressed
by the time-dependent Schrodinger equation) emerges from the static image of
the non-evolving state of the universe as a consequence of the entanglement
between the system I' and the clock. In this picture, time marked by the clock is
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an emergent mathematical quantity determined by the variations of the quantum
vacuum energy density and therefore the counter function invoked by Prati can
be associated with the quantity (33):

kap = 2
Bhc quv \4
(sitev) + (mo0p=)
c4h2 "z
_ , 41
A 2vg Bhc 612 quuEV 2 ( )
PquE quUEV
which can be approximated with relation
2
kap = )
Bhe |4 +2 ApgveV
N B2\ c*Mp,
_1
c4h2 ] : @)
- 49\ 4
e ApgupeV
oV (sptee 1+ () )
in the regime Apy, gV /c? < Mpy, and with relation
2
c
kap = l i\ 2
Apy, gV c
(e 2 () )
4h2 _%
- ¢ (43)

49\ 4
Apgr?V? (p22pel [1 4 £ (Mest ) T) ]

in the regime quq,EV/c2 > Mp;. Thus, in the model of the 3D DQV
where time is a measure of the numerical order of material change associated
with a dissipative hydrodynamics, by substituting (33) inside equation (40), the
Schrodinger equation (40) reads

in d o) = Hrlo(®)r,

1
2 2

2 2
Bhe ArquEV
] (i) +(om )

c*h?

- 272
ApgyEV
snoseve (st ) (o) |

44)
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which, since in the quantum regime one can use the approximation (35) — namely
(42) — for the numerical order of material change, may be also written as

l6(t))r = Hr|op(t))r

QU

ih

62
1772
Bhe 1+2 ApguEV
d ApqueV B2\ 2Mp;
cAh

2
- N TN\ 2
2y/2 Bhe 2 PquE
sowerv (st 1o (22) )
(45)

Equation (44), and the equivalent equation (45), can be considered as the “time-
less” version of the Schrodinger equation in the 3D DQV.

Now, we must emphasize that, when the counter function provided by the hands
of the clock has values in the range

0,

c? cth? ’
Bhe )2 ApgwEV \2 . ApgprV 2]
(Aﬁqu;v) +(Bl12’ e ) Apgup?V? [(Api:,gv) (BP = ) }
the global state of the universe may be expressed as
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2
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/\I/(x,t)|a:>c da dt

(46)
and thus the relative state of the evolving system is
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where we have defined
60 = [ ¥ fo)r da. (8)

As a consequence, we can say that considering values of the numerical order ¢
within a finite interval

c? cAh?

Bhe 2 p(]uEv)z o Bhc Ap vEV 2
(zmter )+ (o2 Bpane*V? | (sripe )+ (082052 )

corresponds to studying a part of the history of the Universe that, from the stan-
dard time-based perspective, is perceived as having a finite duration

1
c? cAh?

(soimisr )+ (38555)" apuunrve| (it )+ (03 2052Y )]

In other words, a finite range of values

c? _ cth?
Bhe 2A"quv) Bhe )2 ApgupV\2]?
(atew )"+ (8 Bpaup2V? | (e )"+ (s2 22aee)

for the clock’s position observable, and a consequent normalized wave function
within that finite interval, can be regarded as the result of having measured the
observable (projector)

1

c4h?

.2
p) A VN2 2 212
Bhe 2 BPquE Bhc AprgvEV
+( B A 2v2 | (x5 ) +( 812 —4
Ap Ev) ( P hc ) PquE {(A . v) ( P hc
p— / J =
0

post-selecting the measurement result 1, namely are the result of projecting the
state of the Universe onto the subspace spanned by eigenstates of 7 with eigen-
values

te |0,
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In terms of the wave function of the composite system W (x,¢) equation (40)
reads

i@%@@uw::H%WQ;w7 (49)
which implies that, if I" and C' are non-entangled, then ¢(t). is an eigenstate
of Hr, i.e. ¢(t)r is a stationary state and I" does not evolve. In other words,
¢(t)r evolves only if there is an entanglement between the clock and the rest of
the universe, and this confirms the fact that in the 3D DQV model time is not a
physical dimension which has a primary physical existence and flows on its own,
but is an emergent mathematical quantity that manifests itself as a numerical
order of the dynamics of a given system when there is the entanglement between
this system and the clock. At a fundamental level, when there is no entanglement
between the clock and the rest of the universe, one deals with a quantum timeless
picture.

Moreover, the degree of entanglement between clock and the rest of the universe
and the corresponding numerical orders associated with the system under study
I" can be quantified by considering the degree of mixedness of the density matrix
of I' given by

1
c2 c4n?

Bhe  \2 5 BrguEV \2 h 2 NpguEV\2]?
p / J@pqu) (3 2RED) aove| (s ) (o5 225
F:
0

x [p(t)r){o(t)r|dt, (50)

which leads to define the entanglement measure

2

2 2
Bhe ApgupV
(mmsv) + (o37520)
c4h2 ]
- . 2 Apo sV 272
quvE2v2[(7A£?Ev) +(5112) by )}

1
c2 c4n?

2 A VN2 2 212
Bhc 2M> 2y2 Bhe 2 ArgupV
X/ (qu,,Ev> +<[”p fic ApquE?V (quva T{P% —he )
0

61ﬂp%1[

1
c? c4n?

Pl A VNZ 2 212
Bhe > 12 BPquE 2y/2 Bhc 2 APqvEY
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x [(d(t)r||d(t)r)[dtdt’.  (51)

The quantity (51) can be interpreted as a measure of the average entanglement
between clock and the rest of the universe that generates a numerical order of
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material change belonging to the interval

0,

c? _ cth?
Bhe 2 5 quvEV)2 ) She 2 L ApgurV \2]2?
(quuEV) +(ﬁll’ he Apqup®V?2 (Ap[qZEV) +<5lf) qnaE )

In other words, it allows us to evaluate in a quantitative way the connection
between the evolution of the system under study and the dissipative processes of
the 3D DQV at the fundamental scale represented by the generalized Compton
wavelength, when there is an entanglement between the system and the clock.
When there is no entanglement between system and clock one obtains € = 0 and
therefore there is no time.

In summary, on the basis of equations (27)-(51), we can conclude that, at a
fundamental level, time emerges as a mathematical quantity measuring the nu-
merical order of material change by following the connection between the evo-
lution of the system under study and the dissipative processes of the 3D DQV
at the fundamental scale represented by the generalized Compton wavelength,
and this connection can be therefore considered the fundamental reason which
explains in what sense Elze’s definition of time, Caticha’s notion of time and
Prati’s counter function k4p imply that time is a measuring system of the nu-
merical order of material changes.

3 Time, Three-Dimensional Quantum Vacuum and
Quantum Entanglement

Although entanglement remains today a mysterious feature of the quantum
world, some recent research have tried to extract en emergent spacetime ge-
ometry from the entanglement properties of the quantum state [5S1-55]. In the
light of these research, it becomes natural to explore the connection between
time and quantum entanglement. In this regard, some works have shown that an
evolving quantum system is entangled with quantum time [10, 56,57]. Another
recent study has explored the correlation between the external time-system en-
tanglement and the conventional internal entanglement of a system that contains
two entangled qubits, i.e. the entanglement of the system within itself, finding
that the interacting system can evolve faster than the non-interacting system if
the interaction is sufficiently strong [58]. In the view of time as an emergent
mathematical parameter which measures the sequential numerical order of ma-
terial motion in space, which is fixed by the variable quantum vacuum energy
density subjected to dissipative features, quantum entanglement characterizing
EPR-type experiments does not require existence of “hidden variables” in the
sense that the 3D DQV itself is an immediate information medium between par-
ticles which does not require time (duration) [59-61].
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As regards the relation between time and entanglement, in [62], Vedral under-
lines that the view of time as entanglement practically reflects the fact that we
never observe time directly: this can be considered the real reason of the link
between time and entanglement. We usually observe the position (of the hand
of the clock, the sun or the stars) or some other observable of a periodically
evolving system. Therefore, when we are measuring the evolution of the system
under consideration, we are always talking about the system’s states with respect
to the state of the clock. Moreover, in Vedral’s treatment, by assuming that the
clock states are constructed in such a way that

em Hedm/Mp o) = (1 + d7)) (52)

i.e. that the clock Hamiltonian generates shifts between one clock time and
the immediate next clock time (where H. is the Hamiltonian of the clock), the
evolution of the system relative to the states of the clock is of the form

S
ZFLEWJQ - Hs|z/}s> ) (53)

(Hs being the Hamiltonian of the system) and thus the system undergoes the
Schrodinger-type evolution relative to the ticking of the clock. On the basis
of Vedral’s approach, time therefore arises internally without the need for any
global time, thus proving a potentially important argument in cosmology where
there are presumably no clocks to measure time outside the universe. According
to the point of view of the authors of this paper, the fact that time emerges in-
ternally without the need for any global absolute, idealized temporal dimension
(which cannot be observed directly) means, in other words, that time measured
by clocks does not exist as a primary physical reality but is only an emergent
mathematical quantity measuring the numerical order of material changes.

Now, in order to explore in detail the link between entanglement and numerical
order of material change induced by the dissipative features of the 3D DQV
from the mathematical point of view, we consider the entanglement for a system
containing two interacting qubits A and B whose basis vectors are eigenstates of
the correspondent local Hamiltonians:

Hal0)a=0  Hall)a=ell)a, (54)

Hpl0)g =0  Hg|l)p=c¢|l)p. (55)
The total Hamiltonian can be expressed as

Hiw = Ha @ 1p +14 @ Hp + Hiy, (56)

where the interaction Hamiltonian ﬁim able to generating the interaction be-
tween the two qubits is linked on the dissipative features of the 3D DQV and is
given by relation
i 2 MApgueV
n

int =

(110 @ [1)(0 + [0)(1 @ [0)(L]) 67



D. Fiscaletti, A. Sorli 161

where A is an adimensional parameter indicating the strength of the interaction.

By solving the Schrodinger equation (44), if when there is no material change
|1)(0)) = |00) is the state of the system of the two qubits, the entangled state
of the two qubits can be associated to the numerical order of material change
induced by the 3D DQV on the basis of relation

9(1)) = cos PPy
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The global state is thus
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According to equation (59), the evolution from the state |1/(0)) = |00) is possi-
ble in N — 1 steps. By following the mathematics developed in [58], one obtains
that the fidelity measuring the “distance” between the initial and final states in
the 3D DQV is

Ay = [(1(t)[¥(0))]
= cos 2AAPquEY T - (62)

C2

( Bhe (512 AquEv)
ApgqupeV

_ c h _
qu“E2v2|i(A Bhe (Bl2 A"quV) :|z

PquEVY

nh

In this way, on finds that the minimum numerical order of material change which
corresponds to the evolution of the initial state to the orthogonal final state sat-
isfies the following constraint:

1
= cth?
c 2 AogoEV\2 .
(A"iZEV> +<Bl§ e ) quuE2V2[(Api:;v)Q-i‘(ﬁliAp%iEv)j
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- 4qu1,EV
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Relation (64) expresses the connection that is required between the constant
indicating the strength of the interaction between the two entangled qubits and
the fluctuations of the quantum vacuum energy density in order to generate the
direct evolution of the initial state to the final state under consideration inside
the 3D DQYV. Taking account that, in the light of the results obtained in [58], in
the case of two non-interacting qubits, the minimum time corresponding to the
minimum fidelity is

=T (65)

2e

one derives that the speed of evolution of the two interacting qubits is greater —
i.e. corresponds to a lower numerical order of material change induced by the
3D DQV - than that of two non-interacting qubits if the parameter A character-
izing the interaction is sufficiently strong compared to the energy scale of the
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individual subsystems, namely if it satisfies relation

En

A> —m—.
2quvE‘/

(66)

On the basis of the approach based on equations (56)-(66), we can conclude that
the evolution of an entangled system of two interacting qubits is faster, in the
sense that requires a lower material change induced by the fluctuations of the
energy density of the 3D DQYV, with respect to the non-interacting system, if the
interaction is sufficiently strong.

4 Conclusions

Since the original 1883 Ernst Mach quote “It is utterly beyond our power to mea-
sure the changes of things by time. Quite the contrary, time is an abstraction, at
which we arrive by means of the changes of things” [63], to the “no time” inter-
pretation of the Jacobi-Barbour-Bertotti theory (in which time is replaced with
a reparametrization invariant action that is integrated over an unphysical evolu-
tion parameter) [64—67], to the Rovelli thermal time hypothesis where time is
the expression of our ignorance of the full microstate, a reflex of our incomplete
knowledge of the state of the world [68—78], till to arrive to more recent current
studies [37-41,79-83, 83, 85], the idea that physical time cannot be considered
as a primary physical reality, but is an emergent quantity, that at a fundamental
level the background space of physics is timeless, has attracted a significant at-
tention. The view, developed in this paper, of time as a mathematical parameter
which measures the sequential numerical order of material change in a funda-
mental timeless three-dimensional dynamic quantum vacuum, and that emerges
when there is an entanglement between a system and a clock, allows us to go
a step ahead, showing that time intended as a counter function of the dynamics
of a system is ultimately determined by (and can be associated with) oppor-
tune fluctuations of the quantum vacuum energy density. In particular, we have
shown in what sense the entanglement between clock and evolving system can
be interpreted as the result of the dissipative hydrodynamics characterizing the
three-dimensional quantum vacuum at a scale, the generalized Compton wave-
length, where Compton wavelength and Schwarzschild radius are unified.

Our model of 3D DQV characterized by a dissipative hydrodynamics allow us
to obtain the standard Schrodinger equation as an emergent fact from the fun-
damental static image of the timeless vacuum, in the sense that the standard
Schrodinger equation derives as a result of the entanglement between a system
and a clock which ultimately corresponds to opportune fluctuations of the quan-
tum vacuum energy density with dissipative features which act at the generalized
Compton wavelength, which emerges therefore as a fundamental universal scale
of nature. We have got, with this model, a mathematical scheme which can
explain in what sense, according to important approaches of emergent time ex-
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isting in the literature (such as Elze’s approach of time, Caticha’s approach of
entropic time and Prati’s model of physical clock time), material changes do not
run in a time intended as a primary, fundamental physical reality, but instead
time is a mathematical quantity which emerges from a more fundamental time-
less background. Moreover, we have shown that an important connection exists
between the degree and speed of evolution of an entangled system containing
two interacting qubits, and the numerical order of material change induced by
the quantum vacuum energy density fluctuations.

In summary, we can conclude that the considerations and the mathematical for-
malisms developed in this paper have the potential to open suggestive unifying
re-readings of the results of the fundamental approaches of emergent time where
duration of material change originates from the entanglement between physical
systems. In this regard, they introduce a novel way to express, at a fundamental
level, the processualism view considered in [86], where physical processes are
mapped in terms of interaction/correlation between physical systems and a pro-
cess is not something unique that evolves through time but is what happens to
a given system while it interacts with other physical systems and, by proposing
the generalized Compton wavelength as a fundamental scale of nature, imply
new scenarios of treating quantum gravity yet to be explored.
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