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Abstract. We formulated a field theory in space-time elements, which are ob-
tained by dividing the space-time continuum into arbitrary-shaped space-time
elements, such as hyper-octahedra (orthoplexes), which are aligned locally pe-
riodically, without long-range order. Each field is expressed in terms of scalar
expansion functions with rotationally covariant coefficients. The cosmological
constant was related to the cut-off energy of the quadratic Higgs self-energy.
From the literature, examinations find an experimental break in the cosmic ray
energy spectrum called ‘knee’ at about 3 PeV, which agrees with this theoret-
ical ultraviolet cut-off energy. Moreover, the expansion functions are updated
to plane waves using the Lorentz/Poincaré covariant/invariant inner product of
vectors with each four-momentum within the cut-off energy. Due to the long-
range disordered alignment of space-time elements, this study newly introduces
an effective field, which is not in the standard model and lies within the Planck
energy. Particles are then rarely excited to the energy region between the cut-off
energy and the Planck energy via extremely weak interaction solely with the
effective field. The theoretical ultraviolet cut-off energy is consistent with the
experimental phenomena such as the stability of our Universe, inflation in the
early Universe and no detection of neutrinos above PeV-order energy.

KEY WORDS: cosmic-ray spectrum, Lorentz/Poincaré covariance/invariance,
theoretical ultraviolet cut-off, space-time elements.

1 Introduction and Summary

In current theoretical physics and cosmology, some of the unsolved fundamental
problems include: (i) the construction of a consistent field theory without ultra-
violet divergences; (ii) the identification of dark matter; (iii) revealing the origin
of the cosmological constant; and (iv) the removal of the quadratic divergence
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of Higgs self-energy. A Poincaré covariant field theory without ultraviolet diver-
gences was formulated in the previous papers [1–5] by dividing the space-time
continuum into arbitrary-shaped space-time elements like hyper-octahedra, with
straight lines and flat surfaces that are deformed into curves and curved surfaces
containing a space-like hyper-surface, or orthoplexes. This formalism [1, 4] is
based on the finite element method [6], which is widely used and well-posed in
the continuum limit, like other approach [7]. Each orthoplex in the Minkowski
space-time continuum or its Euclidean Wick rotation is mapped to a hyper-cube
in a parameter space [1, 4], and this one-to-one map has a non-vanishing Jaco-
bian due to the non-existence of point particles. Fields are expanded in terms
of basis functions, which are scalar [1, 4] and are multiplied by an individual
coefficient that is a scalar, vector or tensor depending on the corresponding field
type. (In this paper, basis functions are updated to plane waves with a cut-off.)
At present, the division of the space-time continuum is not a technical tool, but
is regarded as a fundamental principle, with the ultraviolet cut-off energy as a
fundamental constant. It will depend on the stage of science development as to
whether this principle can be derived from a more fundamental theory beyond
the cut-off energy.

To ensure the consistency of general relativity with field theory, the subtracted
mass term, with divergent ultraviolet properties in the renormalization [8–14],
is included into the cosmological constant Λ [15, 16]. Since it was shown in
Ref. [5] that zero-point energies do not exist in the expanding universe due to a
lack of periodicity at boundaries, the cosmological constant Λ in the present for-
malism contains only the self-energy predominantly contributed by the quadratic
Higgs term. The expanding universe treated in this paper has the boundary con-
dition that fields do not exist outside of the expanding universe. Consequently,
the Higgs self-energy, containing the cut-off energy, determines the ultraviolet
cut-off energy (and length). The present formalism thus gives a possible solution
to the current problems mentioned at the beginning of this section. Addition-
ally, the dark matter in the problem (ii) may be partially the chromodynamical
vacuum, as described in Ref. [5]. The ultraviolet cut-off energy, which is deter-
mined theoretically from the present theory by mapping the theory to the contin-
uum theory with the corresponding cut-off energy, is in a regime around 3 PeV.
Meanwhile, this theoretical cut-off energy of the present theory is much higher
than experimental accelerator energies, which are about 104 GeV at present. In
the next stage, the authors compare this predicted cut-off energy with experi-
mental data.

This paper therefore aims to explore a possible relation between the relativistic
cut-off theory and the features of the cosmic-ray energy spectrum. The ultravi-
olet cut-off energy is first examined in detail, with the help of current particle
data and the corresponding cosmological data. This study theoretically predicts
that the ultraviolet cut-off energy is about 3 PeV. Meanwhile, it is reported in the
literature that the experimentally observed energy spectrum of the cosmic-ray
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flux shows a break, called a ’knee’, at a corresponding energy of about 3 PeV.
Thus, cosmic rays decay in the form of a power law (Ec)−s with s being the
spectral index as the cosmic-ray energy Ec increases, showing a greater decline
above the knee energy. It is found that this theoretical cut-off energy coincides
with the experimental value for the knee energy. This coincidence forms the first
finding of this study.

The origin of the cosmic rays with energies of less than about 1 × 1015 eV is
understood from astrophysical studies. In this paper, the basis functions are up-
dated to plane waves with a cut-off, as described below and Sections 2 and 3.
This formalism is Poincaré covariant/invariant, because the formulation is pre-
sented using the inner product of vectors, as mentioned in the paragraphs includ-
ing Eqs. (2)-(5). Each momentum lies within the cut-off energy in the normal
process. Additionally, the cosmic-ray spectrum above the cut-off (knee) energy
about 3 PeV in the present theory is understood as mentioned below. Similarly
to solid state physics, the long-range disorder of the local periodic alignment of
space-time elements causes the scattering of the wave function. The effective
field that causes this scattering is newly introduced in this paper. This effective
field is an Abelian gauge field, which is not contained in the standard model. Due
to the local periodicity of the effective field, as mentioned around Eqs. (22)-(24)
and (27), the four-momentum of this effective field is discrete and its energy is
between the cut-off energy and the Planck energy when the energy is positive.
Then, the highly excited process of a quantum particle rarely occurs beyond the
cut-off energy similarly to solid-state physics, via the exchange of the above dis-
crete momentum in an extremely weak interaction solely with the effective field.
In this case, the momentum becomes the sum of two momentums: one is within
the cut-off energy and the other is discrete. The latter is in the energy region be-
tween this cut-off energy and the Planck energy. The above theory is formulated
in the tangent space of the 4D space-time continuum.

Furthermore, the theoretical ultraviolet cut-off for fields is consistent with other
fundamental astrophysical phenomena, as mentioned in Section 3. The rela-
tion between the cosmological constant and the cut-off energy coincides with
the stability of our Universe and inflation in the early Universe, as described in
Section 3. These are also authors’ research findings. Since the interaction be-
tween neutrinos and matter is weak, the neutrino shows fundamental physical
properties, as is claimed in Ref. [17]. The theory of this paper indicates that a
light quantum particle is largely scattered above the cut-off energy. This result
is consistent with the experimental data, in which neutrinos and gamma rays are
not observed at energies above approximately the knee energy [18, 19].

This article is organized as follows. Section 2 describes the theoretical ultravi-
olet cut-off energy. Section 3 then compares the theoretical cut-off energy with
experimental cosmic ray data. It is also shown that particles rarely excited into
the energy region between the cut-off energy and the Planck energy, via an inter-
action with the effective filed. It is then described that the theoretical ultraviolet
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cut-off in this paper is consistent with the astrophysical phenomena, including
the non-detection of neutrinos presented in the Appendix. Section 4 summarizes
conclusions.

2 Formalism of the Ultraviolet Cut-Off Energy

The relationship of the formalism with the theory of relativity is described,
before reporting this study. The theory for the space-time continuum divided
into the elements is already defined as a theory for the continuum. Although
a limiting process of 1/∆

(E)
M → 0 for the cut-off energy ∆

(E)
M in the funda-

mental theory may not be essential, the following procedure is a mathematical
example of such a process. The action functional is presented using integrals
and differentiations that are defined using an infinitesimal interval ∆I,D. When
1/∆

(E)
M ≤ ∆I,D, the limiting process ∆I,D → 0 does not depend on the shape

of the space-time elements. Furthermore, the present formalism derives physi-
cal quantities using the path integral of the action functional. When the derived
expectation value converges to a unique value within this mathematical frame-
work, this derivation generates validity. Moreover, it is noted that integral and
differential manipulations defined in terms of infinitesimal finite differences or
measures also require convergence properties. The relativistic consistency re-
quired in this study comprises the following three items: (i) In the tangent space
of the space-time continuum, the formalism is described in terms of Lorentz co-
variant/invariant functions of the scalar, vector, or tensor. (ii) Integrals in the
formalism are invariant under translation with respect to the coordinates of the
system. This symmetry is the Poincaré invariance, which is required for the
present formalism in the integral form. (iii) The relativistic cutoff formalism
leads to the low-energy form in the limit of the high-energy or small-length cut-
off, including gravity.

The physical quantities consistent with the theory of relativity are such as
scalars, vectors, and tensors. The vector is determined from the orientation and
length in the space-time continuum. The time and space coordinates are denoted
as x = xµ = (x0, x1, x2, x3) = (ct,x) = (ct, x, y, z), with c being the velocity
of light [20]. The inner product between vectors x = xµ and y = yµ is defined
as x·y= (gµνx

µ)yν= xνy
ν= xµ(gµνy

ν)= xµyµ. Here, gµν is the metric tensor
and a special form for Minkowski space is given by

gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 , (1)

using the notation defined in [20]. For a vector x(2)−x(1), the Lorentz transfor-
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mation represented by the matrix Lνµ is given by

x(2) − x(1) = xν(2) − x
ν
(1) = Lνµ(x′µ(2) − x

′µ
(1)), (2)

yielding the following squared vector:

(x(2) − x(1)) · (x(2) − x(1)) = (xν(2) − x
ν
(1))(xν(2) − xν(1))

= Lνµ(x′µ(2) − x
′µ
(1))L

η
ν(x′η(2) − x

′
η(1))

= δηµ(x′µ(2) − x
′µ
(1))(x

′
η(2) − x

′
η(1))

= (x′(2) − x
′
(1)) · (x

′
(2) − x

′
(1)), (3)

where the Kronecker delta δηµ has been used. The vector x(2) − x(1) is the
relative quantity, and the squared vector (x(2)−x(1))·(x(2)−x(1)) is the Lorentz
invariant squared length. Furthermore, for the translation of coordinates by the
functions xµ(1) = x′µ(1) + aµ and xµ(2) = x′µ(2) + aµ, the vector xµ(2) − xµ(1) =

x′µ(2) − x
′µ
(1) is covariant. These are the covariance/invariance of vectors for the

Lorentz and Poincaré transformations.

In the case of the integral of the scalar wave function

S =

∫
dx0dx1dx2d3φk(x), with φk(x) = exp(ikµx

µ), (4)

the quantity xµ can be regarded as a vector x(2) − x(1) for xµ(2) = xµ and
xµ(1) = (0, 0, 0, 0), that is, the coordinate origin. Using Eq. (2) and∫

dx0dx1dx2dx3 =

∫
dx′0dx′1dx′2dx′3, (5)

the integral in Eq. (4) is covariant/invariant for the Poincaré transformation.
The above relations are examples of the covariance/invariance pertaining to the
Lorentz/Poincaré transformation of in this paper. In general, the tangent space
on the curved space-time continuum enables the simpler local treatment of the
Lorentz/Poincaré covariance/invariance. The quantity

√
det(gµν) that appears

in general relativity corresponds to the Jacobian for integral with respect to the
coordinate variables at each point on the curved space-time continuum. At each
point, general relativity requires the existence of the tangent space that is flat
with the metric defined using Eq. (1). Hence, fields can be defined on such a
tangent space.

Among electromagnetic, weak and strong interactions, the leading self-energy is
the quadratic Higgs term. We are concerned with the relation between this self-
energy and general relativity, described by the following Einstein field equations
[21] with µ, ν = 0, 1, 2, 3

Rµν −
1

2
gµνR =

8πG

c4
Tµν . (6)

80



Relationship of Theoretical Ultraviolet Cut-Off Energy with Experimental Data

Here, G is the gravitational constant; and Tµν is the energy-momentum tensor.
In Eq. (6), the scalar curvature R is sequentially defined from the Riemann cur-
vature tensor Rρµρν as follows: Rµν = Rρµρν , and R = gµνRµν . The notations
used for the indices in these contractions as well as the expressions of the Ein-
stein equations follow those employed in [21]. In this textbook, it is noted that in
the literature, a definition of the contraction using another pair of indices yields
a difference in sign.

We expressed the following mass term with the ultraviolet divergence, and in the
renormalization this term is subtracted from the Hamiltonian in the form

T (S)
µν =

c4

8πG
gµνΛ(S). (7)

The Einstein field equations that determine the space-time curvature strongly re-
quire that all energies be included. The energy subtracted in the renormalization
for fields is not an exception. To ensure the consistency of general relativity with
field theory, the subtracted mass term given by Eq. (7) is explicitly expressed in
the Einstein field equations in Eq. (6), giving

Rµν −
1

2
gµνR =

8πG

c4

(
Tµν − T (S)

µν

)
. (8)

Using Eq. (7), the above equations are rewritten as

Rµν −
1

2
gµνR+ gµνΛ =

8πG

c4
Tµν , (9)

where Λ = Λ(S) in Eqs. (7) and (9) has been be regarded as the cosmological
(vacuum energy) constant Λ.

In Ref. [5], the cosmological constant was related to the quadratic Higgs self-
energy, which is larger than the other self-interactions. In the present theory,
gravity is weak at the cut-off energy compared to the Planck energy. In Ref. [5],
it was shown that zero-point energies cannot exist, due to the inconsistency with
a lack of periodicity at the boundaries of the expanding universe. Since the main
component of baryonic matter is proton in hydrogen, the dominant contributions
to the Higgs self-energy are loops of fermions (up and down quarks) interacting
with the Higgs field. In essence, the left side of the Einstein equations in Eq. (6)
describes gravitational fields, while the energy-momentum tensor on the right
side gives the mass (energy) term that is the source of the gravitational field.
The enhanced mass of the Higgs field due to the self-interaction for the coupling
constant is calculated using quantum field theory, and the derived expectation
value is presented on the right side. A term representing the Higgs self-energy
multiplied by −1 is added to the right side of the Einstein field equations, not
after but during the renormalization. (This negative mass term is moved to the
left side.)
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The squares of the self-energy of the Higgs field in natural units with ~ = 1, c =
1, where ~ is the reduced Planck constant and c is the velocity of light, is written
by

|EH|2 =
1

8π2
(|λu|2 + |λu|2 + |λd|2)

(
∆

(P)
E

)2

, (10)

where ∆
(P)
E is the Euclidean ultraviolet cut-off parameter, implying the length

of the four-vector, one component of which is the energy. The quantities λu

and λd are the coupling constants of the Higgs field with up and down quarks,
respectively, given by λu = (

√
2/v)mu and λd = (

√
2/v)md. Here, mu and

md are the masses of the up and down quarks, respectively, and v is the vacuum
expectation value of the Higgs field after symmetry breaking. The quantities
v, λu, λd, mu, and md appear in the density of Lagrangian that denotes the
Yukawa interaction between the Higgs field and quarks. A detailed derivation of
the dominant Higgs self-energy is given in Ref. [22], and can be summarized as
follows. The fermion loop contribution to the enhancement of the Higgs mass
depicted by the Feynman diagram in the up quark case with the index u is written
as

|EHu|2 = i

∫
dk4

(2π)4
Tr

[
−iλu√

2

i

/k −mu

(
−iλ∗u√

2

)
i

/k −mu

]
, (11)

where /k = γµkµ with γµ being Dirac’s gamma matrices. The Wick rotation by
k0 → ik4 and k2 → −(kE)2, where kE is the Euclidean momentum, yields

|EHu|2 = −|λu|2

8π2

∫ (∆
(P)
E )2

0

dk2
E

(kE)2[(kE)2 − (mu)2]

(kE)2 − (mu)2
. (12)

In the Minkowski space, this approximates to

|EHu|2 =
1

8π2
|λu|2(∆

(P)
E )2. (13)

The dominant element of our Universe is hydrogen, which contains the pro-
ton. The matter energy is then due to the proton energy. The Yukawa coupling
between the quarks and Higgs boson is expressed in the Lagrangian density for-
malism, and the mass energy arises from the interaction via the following Higgs
field v in the expression λu = (

√
2/v)mu in the proton. The vacuum energy,

which is the self-energy of the Higgs boson, is due to this Higgs boson, and is
measured by the proton energy. The vacuum energy, which is measured by the
proton energy, is expressed in terms of the cosmological constant Λ as

EΛ =
ΩΛ

Ωm
mp, (14)

where mp is the proton mass energy, and Ωm and ΩΛ are the fractions of matter
energy and vacuum energy (expressed by the cosmological constant Λ) in the
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total energy of the universe, respectively. Since the Lagrangian density is used
in the present formalism, ΩΛ/Ωm in Eq. (14) is also equal to the ratio of the
vacuum-energy density to the matter density. Symbols such as Ωm are fractions
of the total energy of the universe in this paper, whereas usually they are fractions
of the critical density. Since the former quantities have the same values as the
latter, identical symbols are used for both in this paper. It is well known that the
masses of the three quarks composing a proton with mass mp are quite small.
Using mu and md, the following ratio can be defined:

γP =
mp

mu +mu +md
. (15)

Then, Eq. (14) is rewritten as

EΛ =
ΩΛ

Ωm
γP(mu +mu +md). (16)

By equating EΛ in Eq. (16) to EH in Eq. (10) and using Eqs. (11)−(15), it
follows that

1

2πv
(m2

u +m2
u +m2

d)1/2∆
(P)
E =

ΩΛ

Ωm
γP(mu +mu +md), (17)

and we derive the following theoretical Euclidean cut-off parameter

∆
(P)
E = (2πv)

ΩΛ

Ωm
γP

(mu +mu +md)

(m2
u +m2

u +m2
d)1/2

. (18)

Using the experimental data presented in the following section, calculations
show that the subtracted divergent part contained in the self-energy of the Higgs
boson and included in the cosmological constant in the renormalization is ap-
proximately 13.5 GeV. Whereas, the experimental mass of the Higgs boson is
approximately 125–126 GeV. A description of the theoretical origin of the cos-
mological constant is seen in Ref. [23].

The above ultraviolet cut-off energy is generally used in Euclidean space, and
is obtained from an analytic continuation with Wick rotation from Minkowski
space. The energy in Minkowski space EM is replaced by EE, and the absolute
value of the cut-off parameter |∆(P)

E | in Euclidean space may be equal to the
cut-off energy ∆

(E)
M in Minkowski space. Despite this expectation value for the

cut-off energy, the following possibility is deduced for the ultraviolet cut-off
energy in Minkowski space. The energy in Minkowski space is written as

EM = [(m0)2 + |p|2](1/2), (19)

where m0 is the rest mass and p is the three-dimensional momentum. Mean-
while, the integral over an infinitesimal volume with respect to the Euclidean
four-vector pE is written as: d4pE = π2(pE)2d2pE. Considering the effective
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equivalence for the transformation −(pE)2 → (pE)2 in the above integral, the
squared length of the Euclidean four-vector becomes:

|(pE)2| = (EM)2 + |p|2 = (m0)2 + 2|p|2. (20)

For large kinetic energies with corresponding large |p|, this equation is approx-
imated as |(pE)2| ≈ 2(EM)2, yielding EM ≈ (1/

√
2)|pE|. We then set ∆

(E)
M =

(1/
√

2)∆
(P)
E , where ∆

(E)
M is the ultraviolet cut-off energy for Minkowski space,

and ∆
(P)
E is the cut-off parameter in Eq. (10) for Euclidean space. The sym-

bol ∆
(P)
E is not a cut-off energy for Euclidean space but the upper bound of the

integral in Eq. (12).

3 Comparison of the Theoretical Ultraviolet Cut-Off Energy and
Cosmic Ray Spectrum with Experimental Data

Here, the relativistic cut-off energy is compared with experimental spectra. The
data used were ΩΛ = 0.694, Ωb = 0.0483, mu = 2.2 MeV, md = 4.7 MeV,
mp = 938.272 MeV, v = 246.22 GeV [24, 25], where Ωb is the energy fraction
of baryons of the total universe energy. The relativistic cut-off theory was then
used to derive the theoretical Minkowski cut-off energy ∆

(E)
M = (1/

√
2)∆

(E)
E (=

7.5 × 10−8 fm) = 2.6 PeV ≈ 3 PeV. Meanwhile, experimental cosmic rays,
which are thought to be produced by remnants of a supernova (star explosion),
have the following energy spectrum characteristics. At low energies, the energy
spectrum of cosmic rays rises with increasing cosmic ray energy, and has a peak
at the energy E0 ≈ 108 eV followed by a decline in the form of (Ec)−s, where
Ec is the cosmic-ray energy and s is the spectral index. The spectrum has the
form ≈ E−2.7

c for Ec ≤ 3 × 1015 eV, and changes to the form ≈ E−3.0
c for

Ec ≥ 3 × 1015 eV. Hence, a spectrum break occurs at an energy Ec ≈ 3 ×
1015 eV, and this break is called the knee. (The spectrum for energies of less
than the energy of about 1015 eV is understood based on astrophysical studies.)
Thus, the theoretical ultraviolet cut-off energy of about 3 PeV derived coincides
with the experimentally observed knee energy of about 3 PeV. There is therefore
a possibility that the ultraviolet cutoff exists at the knee energy of 3 PeV, as
specified from the ultraviolet cut-off energy.

Let us now consider the relation between the properties of the present cut-off
formalism mentioned below and those of the experimental energy spectrum. In
solid state physics [26, 27], the wave function of an electron is a function of
each point of the space continuum. Unit cells are obtained by dividing a crystal
and are aligned in this space continuum. For instance, a cubic cell has an atom
at its center, which is separated by distance as from the atom of the nearest
neighbor. Then, the static wave function in one dimension (1D) is restricted to
the following form of the Bloch function

φs,ks(x) = [exp(iksx)]us(x), (21)
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where x is a point in the space continuum and ks is the momentum, which is
restricted to −π/as ≤ ks ≤ π/as. The function us(x) is periodic and satisfies

us(x+ as) = us(x). (22)

As is written in the literature [27], using discrete reciprocal lattice vectorsGns
=

ns(2π/as) that satisfies exp(−iGnsas) = 1 with ns being integers, this us(x)
can be expanded as

us(x) =
∑
ns

usns
exp(iGns

x). (23)

When the momentum Ps = ks + Gns
from Eqs. (21) and (23) is restricted to

|Ps| ≤ π/as, the quantity π/as is a cut-off momentum.

In the 4D case, the Euclidean/Minkowski space-time continuum in the tangent
space is divided into arbitrary-shaped elements containing space-like hypersur-
faces. The centers of the nearest-neighbor space-time elements are separated by
ar. The alignment of these space-time elements is locally periodic, and there
is no long-distance order. The center of the space-time element is denoted as
xp = xµp = (x0

p, x
1
p, x

2
p, x

3
p), and Gñp = Gµñp in notation at this point are

defined as

G0ñp = n0(2π/ar)e0p, G1ñp = n1(2π/ar)e1p,

G2ñp = n2(2π/ar)e2p, G3ñp = n3(2π/ar)e3p, (24)

where n0, n1, n2, n3 are integers. The above eµp at the point xp = xµp are unit
vectors oriented in individual arbitrary directions under the condition that they
are orthogonal to each other eξµpeξνp = δµν . These unit vectors, eµp, specify
local periodic directions of the alignment of space-time elements. Let kµ be the
momentum of a quantum particle in the first momentum zone expressed as

|k| = |kµ| = |(kµkµ)1/2| ≤ π/ar. (25)

The momentum Pµ of the quantum particle becomes Pµ = kµ + Gµñp, and its
associated wave function of the particle has the following form:

ψP (x) = (1/cN)uP exp(iPµx
µ), (26)

where cN is a normalization constant.

Here, this study explores the effect of the disordered alignment of space-time
elements. Let us consider an arbitrary-shaped space-time element centered at
point xp = xµp . Around this point, the local periodic alignment of space-time
elements is oriented along arbitrary directions, which are denoted by unit vec-
tors eµp of reciprocal vectors Gµñp in Eq. (24). When a quantum particle ini-
tially at the point xp = xµp passes through a space-time element centered at
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xq = xµq with arbitrary local periodic directions denoted by vectors eµq ofGµñq ,
the directions eµp of Gµñp are different from eµq of Gµñq at xq . The wave func-
tion of the particle is scattered due to this local order (long-range disorder),
similarly to solid state physics. Then, the following disorder-induced effective
field arises due to the change of Gµñp to Gµñ′q to change the momentum of the
particle

AµE(x) =
∑
p

∑
ñ

AµEñ exp(iGνñpx
ν). (27)

(This disorder-induced effective field can be second-quantized, and neutrino
scatterings by this field are described in Appendix.) It is noted that energies
of momentums Gµñp, which are higher or equal to the ultraviolet cut-off energy
∆

(E)
M about 3 PeV for |Gµñp| > 0, are set to values below the Planck energy.

The Hamiltonian density of a particle in the standard model is expressed as

H = H0 +HI +HIE, (28)

where H0 is the non-interacting term, and HI is the term of interactions with
fields in the standard model. As the usual cut-off, the above termHI gives rise to
normal scattering processes, which forbid the particle from being excited beyond
the cut-off energy ∆

(E)
M below Eq. (20) derived from Eq. (18), by setting the cou-

pling constant inHI to a value of zero. On the other hand, the termHIE denotes
an interaction of the particle in the standard model with the effective field AµE.
Due to this interaction HIE, a momentum Gµñ′q− Gµñp is exchanged, and the
particle is excited beyond the cut-off energy ∆

(E)
M . Since the value of the fine

structure constant αD in this interaction HEI is around 10−28, as is shown in
the Appendix, the transition probability is relatively tiny. In the present scheme,
the energy of the particle is further restricted to be less than the Planck energy,
which is much lower than the Landau pole energy. The self-energy via the in-
teraction with the effective field AµE is less than the Higgs self-energy, which
is in the standard model, due to the relatively tiny fine structure constant αD

and a self-energy (as a logarithmic function of the Planck energy) unlike the
Higgs self-energy (as a quadratic function of the cut-off energy ∆

(E)
M ). (As is

known generally, a running fine structure constant αg(Q2) of a general Abelian
gauge field as a function of squared four-dimensional momentumQ2 is given by
αg(Q

2) = αg(µ
2
g)/{1 − [(αg(µ

2
g)/(3π)] log(Q2/µ2

g)}), where the low energy
fine structure constant is defined by αg(µ2

g). The quantity αg(Q2) has a singu-
larity at the Landau pole.) Consequently, the energy of particles in the standard
model is within the cut-off energy ∆

(E)
M in the normal scattering process. These

particles are rarely excited beyond the cut-off energy via the interaction with the
effective Abelian fieldAµE. Since all energies of particles in the present formal-
ism are less than the Planck energy, which is much lower than the Landau pole
energy, the present formalism is not affected by the Landau pole.
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Here, the coefficients uP in Eq. (26) are determined from an initial condition, as
mentioned below. Generally, cosmic rays are macroscopic objects, because these
rays are possibly created by macroscopic explosions. Field theory of elementary
particles is a microscopic theory and the prediction of complex macroscopic
phenomena is not always simply and directly obtained. Instead, to describe
the cosmic-ray spectrum, one way is to give the coefficients uP as an initial
condition. The initial condition is a given quantity and may contain parameters,
which are not always predicted from the microscopic field theory. The spectrum
then represents a real physical phenomenon and has no additional wave function
structure. Let us consider the following two wave packet B(2)

I,t (t) with I = 1, 2
for time t

B
(2)
t (t) = C1B

(2)
1,t (t) + C2B

(2)
2,t (t), (29)

where C1 and C2 are normalized weighting constants, such as C1 = C2 = 1/2.
If necessary, the functions B(2)

I,t (t) with I > 3 are added to the above expression

for B(2)
t (t). The above localized functions B(2)

I,t (t) with I = 1, 2 are defined as

B
(2)
1,t (t) =

1

CB

√
2

Γ(s1/2)

∣∣∣∣ t2a1

∣∣∣∣(s1−1)/2

K(s1−1)/2(a1|t|), (30)

B
(2)
2,t (t) =

1

CB

√
2

Γ(s2/2)

∣∣∣∣ t2a2

∣∣∣∣(s2−1)/2

K(s2−1)/2(a2|t|), (31)

where CB is a normalization constant, and a1, a2, s1 and s2 are constants that
give localization properties in the time coordinate t and corresponding spectrum
properties in the coordinate of the cosmic ray energy Ec, as mentioned below.
The function Kν(t), in which the conventional notation ν in this case refers to
a real number and ν = (s1 − 1)/2 = s1/2 − 1/2 or ν = (s2 − 1)/2, is the
modified Bessel function [28], written as

Kν(t) =
π

2

I−ν(t)− Iν(t)

sin(νπ)
with Iν(t) =

(
t

2

)ν ∞∑
n=0

(t/2)2n

n!Γ(ν + n+ 1)
, (32)

where Γ is the gamma function. The function |t|νKν in Eqs. (30) and (31) has
the following localized properties. Near t = 0,

|t|νKν(t) ≈ |t|ν π
2

1

sin(νπ)

(
t

2

)−ν
1

Γ(−ν + 1)
= constant, (33)

while in the limit as t→∞, the function vanishes, leading to

|t|νKν(t) ≈ |t|ν
√
π

2t
exp(−t). (34)
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In Eq. (29), the condition B(2)
t (0) = C1B

(2)
1,t (0) + C2B

(2)
2,t (0) = 1 is imposed

on the absolute square of the localized function B(2)
t (t) = |Bt(t)|2, to simplify

the formulation. Using Eq. (33)

B
(2)
t (0) =

C1

CB

√
2

Γ(s1/2)
lim
ε→0

[∣∣∣∣ ε2a1

∣∣∣∣(s1−1)/2

K(s1−1)/2(a1|ε|)

]

+
C2

CB

√
2

Γ(s2/2)
lim
ε→0

[∣∣∣∣ ε2a2

∣∣∣∣(s2−1)/2

K(s2−1)/2(a2|ε|)

]
. (35)

By setting C1 = C2 = 1/2, the constant CB is simply obtained from the above
Eq. (35). The below experimental spectrum, which is consistent with this the-
oretical spectrum that is described by two wave packets in the time coordinate,
suggest that mainly two different types of phenomena such as explosions oc-
curred and generated cosmic rays in our Universe history, as seen in the present
analysis.

The functions B(2)
I,t (t) with I = 1, 2 are then Fourier-transformed as follows

B
(2)
I,E(Ec) =

1√
2π

∫ ∞
−∞

dt exp(iEct)B
(2)
I,t (t). (36)

The above functions with I=1,2 and the B(2)
E corresponding to B(2)

t in Eq. (29)
can be expressed as

B
(2)
1,E(Ec) =

1

CB

1

[(a1)2 + (Ec)2](s1/2)
,

B
(2)
2,E(Ec) =

1

CB

1

[(a2)2 + Ec)2](s2/2)
,

(37)

and B(2)
E (Ec) = C1B

(2)
1,E(Ec) +C2B

(2)
2,E(Ec). For the inequalities a1� a2 and

s1 > s2, the functions in the above equation have the form B
(2)
E ≈ B

(2)
1,E ∝

(Ec)−s1 for a1 ≤ Ec ≤ a2, while B(2)
E ≈ B

(2)
2,E ∝ (Ec)−s2 for a2 ≤ Ec.

(The function B(2)
2,E is small for Ec ≤ a2 since a1� a2, while for the condition

s1 > s2, the function B(2)
1,E falls rapidly compared to B(2)

2,E for a2 ≤ Ec.) Here,

the constants are set as a1 = 3 × 1015 eV (≈ ∆
(E)
M , which is the cut-off),

a2 = 3 × 1018 eV, s1 = 3.0 and s2 = 2.6. The energy spectrum is expressed
in terms of the functions in Eq. (37), which may correspond to coefficients uP
in Eq. (26). Then, using this expression, the experimentally observed energy
spectrum of the cosmic rays is described as≈ (Ec)−3.0 between the knee energy
at about 3 × 1015 eV and the ankle energy at about 3 × 1018 eV. Furthermore,
this spectrum is also described as≈ (Ec)−2.6 above the ankle energy. Therefore,
the overall experimental energy spectrum of cosmic rays is described using the
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expression in Eq. (37), For energies above approximately 5× 1019 eV, a drop in
the energy spectrum may appear due to the Greisen-Zatsepin-Kazumin (GZK)
limit [29, 30].

The theoretical ultraviolet cut-off in this paper is consistent with the following
different experimentally observed phenomena:

(1) Consistency of the renormalization with the Einstein field equations
The Einstein field equations strongly require that all energies be in-
cluded, and determines the space-time curvature. In the renormaliza-
tion process, the self-energy multiplied by a factor of−1 is added in the
mass term of the Einstein field equations as is given in Eq. (8) using
Eq. (7). Since this negative term cannot be regarded as a mass term,
this term is moved to the other side of the equation and becomes the
cosmological constant. This is the origin of the cosmological constant
in the theory.

(2) Moderate value of the cosmological constant
In the above renormalization, Higgs self-energy, as a function of the
cut-off energy, appears in the mass term of the Einstein field equations
in Eq. (8). This procedure determines the relation between the cosmo-
logical constant and the cut-off energy. The theory in this paper leads to
our stable Universe. If the cut-off energy is the Planck scale, the cosmo-
logical constant leads to a rapid expansion of the universe. Conversely,
if the cut-off energy is the QCD scale, the cosmological constant makes
the size of the universe different from that of our Universe. The cut-off
seems not to be observed in the Large Hadron Collider (LHC).

(3) Inflation of the Universe
The cosmological constant in the theory presented in this paper is pro-
portional to the energy density and decreases as the Universe expands.
As derived in the preceding paper [5], the time-dependence of the cos-
mological constant in this theory is proportional to (tU)−2, where tU
is the age of the Universe. Conversely, the inflation of the Universe
then naturally occurs in the early Universe due to the large value of
the cosmological constant, which is proportional to the energy density.
Since the cosmological constant depends on the matter density, the early
Universe with the extremely high density of matter undergoes the infla-
tion. In Ref. [31], quintessence, which is not observed, is proposed to
explain the Universe expansion. However, detailed properties of the
quintessence, including the removal of ultraviolet divergences, are not
presented.

(4) Non-detection of neutrinos above about the PeV-level
This theory presented in this paper suggests that elementary particles
with light mass are not detected above the PeV-level, as mentioned in
the Appendix of this paper; this includes neutrinos. Non-detection of
neutrinos above the PeV-level is consistent with the IceCube experi-
ments.
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4 Conclusions

This study has investigated in detail the relation between the theoretical ultra-
violet cut-off energy and experimental data. The theory presented in this paper
is a fundamental cut-off theory, in which space-time continuum is divided into
arbitrary-shaped space-time elements on the tangent space of the curved space-
time continuum. The wave function is expanded in terms of scalar plane waves
using Lorentz/Poincaré covariant/invariant inner product of vectors. In the nor-
mal scattering, the momentum lies within the cut-off energy. Meanwhile, via the
extremely weak interaction with the effective field, which is newly introduced,
scatterings rarely occur into the region between the cut-off energy and the Planck
energy. This formalism approaches the low-energy continuum theory, including
gravity, in the limit of the small-length or high-energy cutoff. Using current par-
ticle and cosmological data, a comparison between the theoretical cut-off energy
found in this work and the experimentally observed spectrum of cosmic rays in
the literature demonstrated the possibility that the cut-off energy corresponds to
the experimental spectrum break, called the knee at about 3 PeV in the case for
the fixed cut-off energy. The ultraviolet cut-off energy derived from the theoret-
ically considered relation agrees with the experimentally observed tendencies,
such as the stability of our Universe, inflation in the early Universe and non-
detection of neutrinos above the energy of the order of PeV.

Appendix:Appendix: Further Outlook

Cosmic rays contain neutrinos whose interactions with matter in the Universe
are weak. The neutrino spectrum then indicates fundamental properties of el-
ementary particles. In fact, a basic theoretical model is proposed in Ref. [17],
aiming at the explanation of the IceCube experiments that show no neutrino de-
tection above the PeV scale. This model suggests a new reaction absorbing a
neutrino and its energy range by introducing elementary particles. The energy
range is from around the PeV-level to energies higher by some orders of magni-
tude, and this energy range depends on the model [17]. By contrast, the theory in
this paper leads to that neutrinos are scattered via interactions with the effective
fields, which are newly introduced, due to the long-range disorder in a system
with the local periodicity of space-time elements obtained by dividing the space-
time continuum. The scattering process is described using Feynman diagrams,
which give the change in a wave function with the aid of Green functions. The
process is represented in Eq. (A.1) below for a cosmic ray particle with initial
momentum pi

c and the associated wave function ψpic . The momentum and asso-
ciated wave function become pf

c and ψpfc , respectively, after the scattering. At
the first vertex, the wave function changes due to the reaction with the effective
disorder-induced field of a polarization ε. Interaction strength denoted by the
fine structure constant is αD, and the cosmic ray particle absorb a boson with
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momentum kD = −Gµñp that is normal to ε in the spatial direction. The in-
teraction strength αD is tiny when the deviation of the disordered alignment of
space-time elements from a regular periodic alignment is small. At the second
vertex, the cosmic ray particle emits a boson with momentum k′D = −Gµñ′q

of a polarization ε′, with the momentum k′D being normal to ε′ in the spatial
direction, via the interaction with the disorder-induced field. The Feynman dia-
gram also contains a process in which the cosmic-ray particle emit an effective
disorder-induced boson with momentum k′D before absorbing a boson with mo-
mentum kD. For the above process, the transition matrix element, containing an
adjoint quantity ūpfc , is expressed by

Mfi ∝ αDūpfc

[
(−i/ε′)

i

/p
i
c

+ /kD −mc

(−i/ε)

+ (−i/ε)
i

/p
i
c
− /k′D −mc

(−i/ε′)

]
upic , (A.1)

where pi
µc and mc are the initial momentum and the mass of the cosmic ray

particle, respectively. Conservation of momentum is satisfied by the disorder-
induced bosons in the above processes, as follows pi

c + kD = pf
c + k′D.

The scattering cross section of the cosmic-ray particle by the disorder-induced
field is derived from the corresponding cross section of the effective disorder-
induced field boson scattered by the cosmic-ray particle. According to Ref. [20]
concerning the scattering between a free particle and a massless boson, the total
cross section σLc is approximated as

σLc =
π(αD)2

kDmc

[
ln

(
2kD

mc

)
+

1

2

]
, (A.2)

where kD andmc in Eq. (A.1) and the relation pi
c+kD = pf

c+k′D have been used.
The above cross section is roughly proportional to (mc)−1. For simplicity, the
cut-off lengths along the x, y, and z directions in the real space-time are defined
as ∆x, ∆y , and ∆z , respectively, with ∆x= ∆y= ∆z . When one cosmic ray
particle travels along a trajectory of length Lc, assuming that one scattering of
the disorder-induced field occurs within a volume ∆x∆yLc, the loss fraction of
the cosmic ray particle is

FLc =

(
Lc

∆z

)
σLc

∆x∆y
. (A.3)

Combining the above equation with Eq. (A.2) yields

FLc = (αD)2

(
Lc

∆z

)
1

∆x∆y

π

kDmc

[
ln

(
2kD

mc

)
+

1

2

]
. (A.4)

91



K. Fukushima, H. Sato

The above loss fraction of the cosmic-ray particle is a function of the coupling
constant αD, which corresponds to the fine-structure constant.

Here, we consider the case for ∆x = ∆y = ∆z , corresponding to 3 × 1015 eV,
and a trajectory length Lc = 1000 Mpc. In Eq. (A.2), we set αD = 1.27 ×
10−28 and kD = 0.999 × 1018 eV, which is the energy of the disorder-induced
boson absorbed by the proton for energy 1018 eV. Then, the loss fraction FLc

of the proton in Eq. (A.4) becomes 10−2. In this case, the loss fraction FLc is
reduced to 0.25 × 10−4 for a trajectory length Lc = 5 Mpc. Since Eq. (A.4)
states that the cosmic-ray loss evaluated using the scattering cross section is
roughly proportional to the inverse of the mass of the cosmic ray particle at
an identical production rate, the loss of a muon neutrino with a rest mass of
less than 0.17 MeV is larger by approximately four orders of magnitude than
that of a proton. Next, we treat the scattering of a cosmic ray photon by the
disorder-induced field (particle). When the disorder-induced particle is a boson,
the photon in the cosmic ray will create a fermion pair, which lose energy until
the pair is annihilated and emit two photons with the energy of the fermion rest
mass, in opposite directions. When the disorder-induced particle is an electron-
like particle with mass smaller than an electron, the scattering cross section is
larger by at least approximately 1.8 × 103 than a proton, since the electron rest
mass is 1/1837 of the proton mass.

We note that in particular, elementary particles with negligible or zero rest mass,
such as neutrinos or photons, will be scattered with high scattering probabilities
from the effective disorder-induced field for all energies higher than the knee en-
ergy. This will theoretically result in low detection possibility of neutrinos and
photons above approximately this value for the knee energy. The obtained fea-
ture of the present theory is consistent with the experimental results that neutri-
nos and gamma rays are not observed above approximately the knee energy [18],
as mentioned in Section 1. As a result, the composite fraction of heavy nuclei in
cosmic rays becomes larger just above the knee energy. These results are com-
patible with the experimentally observed composition of cosmic rays [18]. In
summary here, the disorder-induced scattering of cosmic rays by the long-range
disordered alignment of the space-time elements, which is obtained by dividing
the space-time continuum, theoretically leads to the knee. This disorder-induced
scattering gives rise to high scattering probabilities for particles with tiny/zero
rest mass. Thus, the present theory is consistent with the absence of experimen-
tal detection of neutrinos and photons for energies above approximately the knee
energy.

Here, the amount of disorder-induced bosons emitted in the Universe is evalu-
ated, using the following experimental data. The cosmic-ray flux at the Earth
is defined using the number of particles, measuring area (m2) at the measur-
ing center, solid angle in steradian (sr), time (year), and energy increment
(GeV); and the flux observed at 1018 eV is ≈ 3 × 10−14 (m2 sr year GeV)−1.
The Universe age, which is approximately 14 billion years old, is denoted as
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TU ≈ 1010 year. Let us consider a cubic simulation box with a line length of
LU = 1010 lightyear (ly), through which cosmic rays pass during a time interval
equal to the Universe age TU. As LU ≈ 1026 m with 1 ly ≈ 1016 m, the total
number of cosmic-ray particles that has reached the cube faces is given by ≈
6×3×10−14× (LU)2 (year GeV)−1. The production rate of the spatial number
density of cosmic-ray particles in the cubic box is ≈ 2× 10−13× (LU)2/(LU)3

= 2× 10−13/LU = 2× 10−39 (m3year GeV)−1. The spatial number density of
the cosmic-ray particles accumulated (produced) in the cube at a time interval of
TU, which is equal to the Universe age, is 2 × 10−29 (m3GeV)−1. For cosmic
rays of the flux at 1018 eV in the energy region around 1018 eV with an energy
increment of 1018 eV, the spatial number density of the cosmic-ray particles
accumulated in the cube during a time interval TU is roughly 4 × 10−20 m−3.
Meanwhile, it is assumed that half of the cosmic-ray particles are lost via scatter-
ing in a travel along the trajectory with the line length LU of the cubic simulation
box. The averaged energy emitted during disorder-induced scattering is set as
108 GeV. Then, the spatial density of the energy emitted during all scattering
processes in the entire cube volume of (LU)3 during at a time interval TU (the
Universe age) amounts to 2×10−12 GeV m−3. Meanwhile, the averaged spatial
density of baryons in the Universe is ≈ 0.3 GeV m−3.

Furthermore, the disorder-induced boson, which is different from bosons in the
standard model, interacts with all fermions. Then, the disorder-induced boson
may belong to the matter similar to the dark matter, together with the disorder-
induced fermion. If the disorder-induced field with the symmetry, which is de-
noted as UD(1), is compatible with the standard model, [SU(3)]× [SU(2)×U(1)]
in the standard model may be replaced by [SU(3)]×[SU(2)×U(1)]×[UD(1)],
where [ ] denotes that the group(s) separated by [ ] is (are) independent of the
other group(s).
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