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Abstract. In nuclei with valence nucleons that are identical nucleons and oc-
cupy r number of j-orbits, there will be 2r−1 number of multiple pairing (quasi-
spin) SU(2) algebras with the generalized pair creation operator S+ being a
sum of single-j pair creation operators with arbitrary phases. Also, for each set
of phases there will be a corresponding Sp(2Ω) algebra in U(2Ω) ⊃ Sp(2Ω);
Ω =

∑
(2j + 1)/2. Using this correspondence, derived is the condition for a

general one-body operator of angular momentum rank k to be a quasi-spin scalar
or a vector vis-a-vis the phases in S+. These will give special seniority selection
rules for electromagnetic transitions. We found that the phase choice advocated
by Arvieu and Moszkowski gives pairing Hamiltonians having maximum corre-
lation with well known effective interactions. All the results derived for identical
fermion systems are shown to extend to identical boson systems such as sd, sp,
sdg and sdpf interacting boson models (IBM’s) with SU(2) → SU(1, 1) and
Sp(2Ω)→ SO(2Ω). Going beyond pairing, for a given set of oscillator orbits,
there are multiple rotational SU(3) algebras both in shell model and IBM’s.
Different SU(3) algebras in IBM’s are shown, using sdgIBM as an example, to
give different geometric shapes.

PACS codes: 21.60.Cs, 21.60.Fw, 23.20.-g

1 Introduction

Pairing force and the related quasi-spin or seniority quantum number continue
to play an important role in shell model (SM) in particular and nuclear structure
in general [1, 2]. There are several single-j shell nuclei that are known to carry
seniority quantum number as a good or useful quantum number [1, 3, 4]. Even
when single shell seniority is a broken symmetry, seniority quantum number
provides a basis for constructing shell model Hamiltonian matrices [5]. Pair-
ing symmetry with nucleons occupying several j-orbits is more complex and
less well understood from the point of view of its goodness and usefulness in
nuclei. Restricting to nuclei with valence nucleons that are identical nucleons
(protons or neutrons) and occupy several-j orbits, then it is possible to consider
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pair creation operator S+ to be a sum of the single-j shell pair creation opera-
tors S+(j) with arbitrary phases αj . This gives rise to quasi-spin SU(2) algebra
with multi-orbit or generalized seniority. However, with r number of j shells
there will be 2r−1 SU(2) algebras. Also, for each αj set there is a correspond-
ing sympletic algebra Sp(2Ω) in U(2Ω) ⊃ Sp(2Ω) with Ω =

∑
(2j + 1)/2.

In this paper we will examine in detail these multiple pairing SU(2) algebras in
SM and also the corresponding multiple pairing algebras in the interacting boson
models (IBM’s) with identical bosons (e.g. sd, sdg, sdpf IBM’s). The useful-
ness or goodness of these multiple pairing algebras in SM is not well known
(similarly in IBM’s) except that a special situation was studied long time back
by Arvieu and Moszkowski (AM) [6] in the context of surface delta interaction.
Let us add that more general pairing with αj’s treated as free parameters, with
three and higher-body pairing, using pair coupled basis and so on are topics of
many recent studies [1, 7–10]. Besides pairing, the rotational SU(3) symmetry
is important, both in SM and IBM’s, in describing quadrupole collective states
in light to heavy nuclei and this symmetry continues to be of great interest;
see [11–13] and references therein. The SU(3) algebra will be present when
nucleons (bosons) occupy all orbits in an oscillator shell. In an oscillator shell
η, there will be 2η/2 number of SU(3) algebras. Now we will give a preview.

Section 2 gives in some detail, algebraic structure of the multiple multi-orbit
pairing quasi-spin algebras in SM, selection rules for electromagnetic transi-
tions with multi-orbit seniority and the results for the correlation between re-
alistic effective interactions and pairing operator with a given set of phases in
S+. Section 3 gives details of the multiple multi-orbit pairing algebras in inter-
acting boson models with identical bosons. Applications of multi-orbit pairing
algebras is given in Section 4. In Section 5, some results for multiple SU(3) al-
gebras are given with particular reference to geometric shapes. Finally, Section
6 gives conclusions.

2 Multiple Pairing SU(2) and Complimentary Sp(N) Algebras

Let us say there are m number of identical fermions (protons or neutrons) in j
orbits j1, j2, . . ., jr. Now, it is possible to define a generalized pair creation
operator S+ as

S+ =
∑
j

αjS+(j) ; S+(j) =

√
2j + 1

2

(
a†ja
†
j

)0
. (1)

Here, αj are free parameters and real. Them used for number of particles should
not be confused with them in jm. Given the S+ operator, the corresponding pair
annihilation operator S− = (S+)

† and S0 = (n̂ − Ω)/2 form the generalized
quasi-spin SU(2) algebra [hereafter called SUQ(2)] if α2

j = 1 for all j. Note
that n̂ is the number operator and Ω =

∑
j Ωj with Ωj = (2j + 1)/2. Thus, in
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the multi-orbit situation for each {αj1 , αj2 , . . . , αjr} with αji = ±1 there is a
SUQ(2) algebra. Then, for r number of j orbits there will be 2r−1 number of
SUQ(2) algebras. The consequences of having these multiple pairing SUQ(2)
algebras will be investigated in the following.

Firstly, it is well known that with SUQ(2), we have seniority classification of
m particle states giving |m, v, β〉 states; β is an extra label that is required
to specify the m particle state completely. The seniority quantum number
v = m, m − 2, . . ., 0 or 1 for m ≤ Ω and v = (2Ω − m), (2Ω − m) − 2,
. . ., 0 or 1 for m ≥ Ω. Now, the pairing Hamiltonian Hp = −4GS+S−
and its eigenvalues are 〈−4GS+S−〉mv = −G(m − v)(2Ω − m − v + 2).
In the (j1, j2, . . . , jr)

m space, often it is more convenient to start with the
U(N) algebra (N = 2Ω) generated by the one-body operators ukq (j1, j2) =

(a†j1 ãj2)kq . Then, m fermion states belong to the irreducible representation (ir-
rep) {1m} of U(N). The quadratic Casimir invariant of U(N) is easily given
by C2(U(N)) =

∑
j1,j2

(−1)j1−j2
∑
k u

k(j1, j2) · uk(j2, j1) with eigenval-
ues 〈C2(U(N))〉m = m(N + 1 − m). More importantly, U(N) ⊃ Sp(N).
The N(N + 1)/2 number of Sp(N) generators are ukq (j, j) with k=odd and
V kq (j1, j2) [with j1 > j2 and X(j1, j2, k) = ±1],

V kq (j1, j2) = [N (j1, j2, k)]
1/2

[(
a†j1 ãj2

)k
q

+X(j1, j2, k)
(
a†j2 ãj1

)k
q

]
. (2)

The quadratic Casimir invariant of Sp(N) is C2(Sp(N)) =
2
∑
j

∑
k=odd u

k(j, j) · uk(j, j) +
∑
j1>j2;k

V k(j1, j2) · V k(j1, j2). Sin-
gle most important result that can be proved, after some algebra, is that the
Sp(N) algebra is complimentary to SUQ(2) algebra defined for a given set of
{αj1 , αj2 , . . . , αjr} provided

N (j1, j2, k) = (−1)k+1αj1αj2 , X(j1, j2, k) = (−1)j1+j2+kαj1αj2 . (3)

Using Eqs. (2) and (3), it is easy to derive the important relation, C2(U(N)) −
C2(Sp(N)) = 4S+S− − n̂ and then 〈C2(Sp(N)〉m,v = v(2Ω + 2 − v). As
the Sp(N) generators are one-body operators and that Sp(N) ↔ SUQ(2),
there will be special selection rules for electro-magnetic transition opera-
tors connecting m fermion states with good seniority. Their relation to the
{αj1 , αj2 , . . . , αjr} set, to our best of knowledge, is not discussed before in
literature. We will turn to this now.

2.1 Selection rules for electro-magnetic transitions

Electro-magnetic (EM) operators TEL and TML respectively with L =
1, 2, 3, . . ., are one-body operators (two and higher-body terms are usually not
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considered). Their general form with X = E or M is,

TXLq =
∑
j

εXLj,j

(
a†j ãj

)L
q

+
∑
j1>j2

εXLj1,j2

[(
a†j1 ãj2

)L
q

+
εXLj2,j1
εXLj1,j2

(
a†j2 ãj1

)L
q

]
. (4)

Now, the commutator of TXL with S+ will give the seniority selection rules for
allowed transitions, the commutator is zero implies that the operator is a scalar
T 0
0 with respect to SUQ(2) and otherwise it will be a quasi-spin vector T 1

0 . In
either situation the Sz component of T is zero as a one-body operator can not
change particle number. For j1 6= j2 we have[

S+ ,
(
a†j1 ãj2

)k
q

+X(a†j2 ãj1)kq

]
= −αj2

(
a†j1a

†
j2

)k
q

{
1−X αj1αj2 (−1)j1+j2+k

}
. (5)

Therefore,[
εXLj2,j1

]
/
[
εXLj1,j2

]
= αj1αj2(−1)j1+j2+L → T 0

0 w.r.t. SUQ(2) ,[
εXLj2,j1

]
/
[
εXLj1,j2

]
= −αj1αj2(−1)j1+j2+L → T 1

0 w.r.t. SUQ(2) .
(6)

Similarly, for j1 = j2 we have (a†j ãj)
k
q with k odd will be T 0

0 and k even (except
for k = 0) will be T 1

0 w.r.t. SUQ(2). These results are consistent with the
Sp(N) ↔ SUQ(2) equivalence. Thus, the SUQ(2) tensorial nature of TXL

depend on theαi choice. For T 0
0 we have v → v and for T 1

0 we have v → v, v±2
transitions. It is well known [1, 6] that for TEL and TML operators,

εELj2,j1
εELj1,j2

= −(−1)`1+`2+j1+j2+L ,
εML
j2,j1

εML
j1,j2

= (−1)`1+`2+j1+j2+L . (7)

In Eq. (7), `i is the orbital angular momentum of the ji orbit. Therefore, com-
bining results in Eqs. (6) with (7) together with parity selection rule will give
seniority selection rules, in the multi-orbit situation, for electro-magnetic tran-
sition operators when the observed states carry seniority quantum number as a
good quantum number. The selection rules with the choice αji = (−1)`i for
all i are as follows. (i) TEL with L even will be T 1

0 w.r.t. SUQ(2). (ii) TEL

with L odd will be T 1
0 w.r.t. SUQ(2). However, if all j orbits have same parity,

then TEL with L odd will not exist. (iii) TML with L odd will be T 0
0 w.r.t.

SUQ(2). (iv) TML with L even will be T 0
0 w.r.t. SUQ(2). However, if all

j orbits have same parity, then TML with L even will not exist. These rules
were given already by AM [1, 6] and as stated in [6], AM introduced the choice
αi = (−1)`i “for convenience ”. It is important to note that for SUQ(2) gener-
ated by αi 6= (−1)`i , the above rules (i)-(iv) will be violated and then Eq. (6)
has to be applied. This is a new result not reported before, to our knowledge, in
the literature.
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2.2 Correlation between pairing operator and effective interactions

Inm particle spaces it is possible to define, using the spectral distribution method
of French [14], a geometry with norm (or size or length) of an operator O given
by || O ||m= [< [Õ]†Õ >m]1/2; Õ is the traceless part of O. Then, the

correlation coefficient ζ(O1,O2) = {|| O1 ||m || O2 ||m]}−1 <
[
Õ1

]†
Õ2 >

m

gives the cosine of the angle between the operators O1 and O2. Most recent
application of norms and correlation coefficients, in understanding the structure
of effective interactions, is due to Draayer et al [15].

Given a realistic effective interaction Hamiltonian H , ζ defined above can be
used as a measure for its closeness to the pairing Hamiltonian HP = S+S−
for a given set of αj’s defining S+. Following this, ζ(H,HP ) is evaluated for
effective interactions in (0f7/2, 0f5/2, 1p3/2, 1p1/2), (0f5/2, 1p3/2, 1p1/2, 0g9/2)
and (0g7/2, 1d5/2, 1d3/2, 2s1/2, 0h11/2) spaces using GXPF1 [16], JUN45 [17]
and jj55-SVD [18] interactions respectively. As we are considering only identi-
cal particle systems and also as we are studying correlation of H’s with HP ’s,
only the T = 1 part of the interactions is considered. Results presented in Ta-
ble 1 clearly show that the choice αj = (−1)`i gives the largest value for ζ
and hence it should be the most preferred choice. This is a significant result
justifying the choice made by AM [6], although the magnitude of ζ is not more

Table 1. Correlation coefficient ζ between a realistic interaction (H) and the pairing
HamiltonianHp for various particle numbers (m) in three different spectroscopic spaces.
The phases αj for each orbit in the generalized pair creation operator are given in column
#4 (the order is same as the sp orbits listed in column #1). The variation in ζ with particle
number m is given in column #5. Results for the phase choices that give |ζ| < 0.1 for all
m values are not shown in the table.

sp orbits interaction m αj ζ(H,Hp)
0g7/2, 1d5/2, 1d3/2, jj55-SVD 2− 30 (+,+,+,+,−) 0.33-0.11

2s1/2, 0h11/2 (+,+,+,−,−) 0.26-0.09
(+,+,−,+,−) 0.17-0.06
(+,+,−,−,−) 0.13-0.04
(+,−,+,+,−) 0.11-0.04

0f5/2, 1p3/2, jun45 2− 20 (+,+,+,−) 0.42-0.21
1p1/2, 0g9/2 (+,+,−,−) 0.27-0.13

(+,−,+,−) 0.15-0.07
(+,−,−,−) 0.12-0.06

0f7/2, 1p3/2, gxpf1 2− 18 (+,+,+,+) 0.36-0.33
0f5/2, 1p1/2 (+,+,+,−) 0.22-0.20

(+,−,+,+) 0.13-0.12
(+,−,+,−) 0.13-0.11
(+,−,−,−) 0.11-0.10
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than 0.3. Thus, realistic H are far, on a global m-particle space scale, from the
simple pairing Hamiltonian. However, it is likely that the generalized pairing or
sympletic symmetry may be an effective symmetry for low-lying state and some
special high-spin states. Evidence for this will be discussed in Section 4.

3 Multiple Pairing SU(1,1) and Complimentary SO(N) Algebras in
Interacting Boson Models

In interacting boson models [19] with identical bosons as in sd, sp, sdg and sdpf
IBM’s, it is possible to have multiple pairing symmetry algebras as we have sev-
eral ` orbits in these models [11, 20, 21]. The pairing algebra here is SUQ(1, 1)
with the generalized boson pair creation operator SB+ =

∑
` β`S

B
+ (`), β` = ±1.

Note that SB+ (`) = (b†` ·b
†
`)/2. The SUQ(1, 1) is generated by SB+ , SB− =

(
SB+
)†

and SB0 = (n̂B + ΩB)/2 where n̂B is number operator and ΩB =
∑
` ΩB` ;

ΩB` = (2` + 1)/2. Thus, in general for r number of ` orbits there will be 2r−1

number of SUBQ (1, 1) algebras. Just as for fermions, in the (`1, `2, . . . , `r)
NB

space, there is a SO(N ) ↔ SUB(1, 1) in U(N ) ⊃ SO(N ); N = 2ΩB . The

U(N ) generators are ukq (`1, `2) =
(
b†`1 b̃`2

)k
q

andNB boson states belong to the

irrep {NB} of U(N ). The quadratic Casimir invariant of U(N ) is easily given
by C2(U(N )) =

∑
`1,`2

(−1)`1+`2
∑
k u

k(`1, `2) · uk(`2, `1) with eigenvalues

〈C2(U(N ))〉N
B

= NB(NB + N − 1). More importantly, given SUB(1, 1)
with given a set of β`’s, the generators of the complimentary SO(N ) are [20],

SO(N ) : ukq (`, `) with k odd ,

V kq (`1, `2)={(−1)`1+̀ 2Y (`1, `2, k)}1/2[
(
b†`1 b̃`2

)k
q
+Y (`1, `2, k)(b†`2 b̃`1)kq ] ;

Y (`1, `2, k) = (−1)k+1 β`1β`2 . (8)

Using these, it is seen that 4SB+S
B
− = C2(U(N )) − n̂B − C2(SO(N )) and

〈C2(SO(N ))〉N
B ,ωB

= ωB(ωB +N − 2) with the seniority quantum number
ωB = NB , NB − 2, . . ., 0 or 1. Now, given a general one-body operator

T kq =
∑
`

εk`,`

(
b†` b̃`

)k
q

+
∑
`1>`2

εk`1,`2

[(
b†`1 b̃`2

)k
q

+
εk`2,`1
εk`1,`2

(
b†`2 b̃`1

)k
q

]
, (9)

as SO(N) ↔ SUB(1, 1), it is clear from the generators in Eq. (8) that the

diagonal
(
b†` b̃`

)k
q

part will be SUBQ (1, 1) scalar T 0
0 for k odd and vector T 1

0 for

k even (except for k = 0). Similarly, the off diagonal `1 6= `2 part will be

εk`2,`1
εk`1,`2

= (−1)k+1β`1β`2 → T 0
0 ,

εk`2,`1
εk`1,`2

= (−1)kβ`1β`2 → T 1
0 . (10)
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Thus, the selection rules for the boson systems are similar to those for the
fermion systems. Results in Eqs. (8) and (10) together with a condition for
the seniority tensorial structure will allow us to write proper forms for the EM
operators in boson systems. If we impose the condition that the TE,L=even and
TM,L=odd operators are T 1

0 and T 0
0 w.r.t. SUBQ (1, 1), just as the fermion opera-

tors are w.r.t. SUQ(2) (see Section 2), then

TL =
∑
`

εL`,`

(
b†` b̃`

)L
q

+
∑
`1>`2

εL`1,`2

[(
b†`1 b̃`2

)L
q

+ β`1β`2

(
b†`2 b̃`1

)L
q

]
. (11)

However, if we impose the condition that TEL is T 0
0 w.r.t. SUBQ (1, 1), then

TE,L=even =
∑
`1>`2

εL`1,`2

[(
b†`1 b̃`2

)L
q
− β`1β`2

(
b†`2 b̃`1

)L
q

]
; (−1)`1+`2 = 1 ,

TE,L=odd =
∑
`1>`2

εL`1,`2

[(
b†`1 b̃`2

)L
q

+ β`1β`2

(
b†`2 b̃`1

)L
q

]
; (−1)`1+`2 = −1 .

(12)
Similarly, TML can be chosen to be T 1

0 w.r.t. SUBQ (1, 1).

4 Applications of Multi-Orbit Multiple Pairing Algebras

Firstly, in good seniority states, the matrix elements of T 0
0 type operators do

not depend on particle number but only on seniority and they will be only of
v → v type. For T 1

0 type operators we have v → v, v ± 2 transitions and more
significantly, the number dependence of these matrix elements can be factored
out. The factor for v → v transitions is (Ω−m)/(Ω− v) and for v−2→ v it is
[(2Ω−m− v+ 2)(m− v+ 2)/4(Ω− v+ 1)]1/2. These results will go to those
of boson systems with the well known Ω → −Ω symmetry [20]. Using these,
numerical results for the variation of B(EL) with particle number are shown in
Figures 1a,b for fermion systems and 1c,d for boson systems.

There is now good data available for B(E2)’s and B(E1)’s for some high-spin
isomer states in even Sn isotopes. These are: B(E2; 10+ → 8+) data for 116Sn
to 130Sn and B(E2; 15− → 13−) for 120Sn to 128Sn and B(E1; 13− → 12+)
in 120Sn to 126Sn. The states 10+ and 8+ are interpreted to be v = 2 states while
15−, 13− and 12+ are v = 4 states. Therefore, all these transitions are v → v
transitions and their variation with m follows the results in Figure 1a. This is
well verified by data [22] by assuming that the active sp orbits are 0h11/2, 1d3/2
and 2s1/2 with Ω = 9 (see also Figure 1a with Ω = 9). The results with Ω = 8
and Ω = 7 obtained by dropping 2s1/2 and 1d3/2 orbits respectively, are not in
good accord with data. In addition, recently B(E2; 2+1 → 0+1 ) data for 104Sn
to 130Sn are compiled and the data shows a dip at 116Sn and they are close to
adding two displaced parabolas; see Figure 1 in [23]. This is understood by
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Figure 1. (a) Variation of B(EL) with particle number m for three different values of Ω
and seniority v = 2 for v → v transitions. (b) Variation of B(E2; v = 2, 2+ → v =
0, 0+) with particle number for two different values of Ω. (c) Variation of B(EL) with
particle number NB for Ω = 16 and seniority ωB = 2 for ωB → ωB transitions. (d)
Variation of B(E2;ωB = 2, 2+ → ωB = 0, 0+) with particle number NB . All values
are scaled such that the maximum value is 100 and they are not in any units. The TEL

operators are assumed to be of T 1
0 type.

employing 0g7/2, 1d5/2, 1d3/2 and 2s1/2 orbits for neutrons in 104Sn to 116Sn
with Ω = 10 and 100Sn core. Similarly, 1d5/2, 1d3/2, 2s1/2 and 0h11/2 orbits
with Ω = 12 and 108Sn core for 116Sn to 130Sn. Then, theB(E2) vsm structure
follows from Figure 1b by shifting appropriately the centers of the two parabolas
in the figure and defining properly the beginning and end points. These results
show that for Sn isotopes generalized seniority, with the choice αj = (−1)`j

and effective Ω values, is possibly an ‘emergent symmetry’.

Turning to the interacting boson models, firstlyB(EL) values increase withNB

and this trend is seen in B(E2) values of Ru isotopes [24]. More importantly,
the results in Section 3 will allow for the determination of the structure of EM
operators given the choice for the structure of the pairing operator. This con-
sistency is not maintained in many of the IBM studies presented in literature.
Let us consider the example of sdpf model [21] applied recently with good
success in describing E1 strength distributions in Nd, Sm, Gd and Dy isotopes
[25] and also spectroscopy of even-even 98−110Ru isotopes [24]. In sdpf IBM,
there will be eight generalized pairs S+ and the algebra complimentary to the
SUQ(1, 1) is SO(16) in U(16) ⊃ SO(16). Keeping intact the SO(6) pair
structure of sdIBM as chosen by Arima and Iachello, we will have four S+ pairs,
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S+ = s†s†−d†·d†±p†·p†±f†·f† giving SU+,−,±,±
Q (1, 1) and correspondingly

four SO+,−,±,±(16) algebras. For each of the four choices, one can write down
the TE2 and TE1 operators that transform as T 0

0 or T 1
0 w.r.t. SUQ(1, 1). In [21],

SU+,−,−,−
Q (1, 1) is employed. With respect to this, the E2 and E1 operators

employed in [21, 24, 25] will be mixtures of T 0
0 and T 1

0 . For example, the E1
operator used is TE1 = αsp(s

†p̃+p†s̃)1µ+αpd(p
†d̃+d†p̃)1µ+αdf (d†f̃+f†d̃)1µ

and this whole operator can be made T 0
0 by using instead αsp

(
s†p̃− p†s̃

)1
µ

.

5 Multiple SU(3) Algebras in SM and IBM

Given an oscillator shell with shell number η, the orbital angular momentum
carried by a particle (fermion or boson) in the shell takes values ` = η, η − 2,
. . ., 0 or 1. For simplicity, let us consider identical bosons in the shell η. Now,
the angular momentum operator L1

q and quadrupole moment operator Q2
q =√

2π
5 r

2Y 2
q (θ, φ) are given by

L1
q =

∑
`

√
`(`+ 1)(2`+ 1)

3

(
b†` b̃`

)1
q
,

Q2
q = −(2η + 3)

∑
`

√
`(`+1)(2`+1)

40(2`+3)(2`−1)
(b†` b̃`)

2
q

+
∑
`<η

α`, +̀2

√
3(`+1)(`+2)(η−`)(η+`+3)

20(2`+3)
[(b†` b̃`+2)2q+(b†`+2b̃`)

2
q].

(13)

After some tedious algebra, it can be shown that for α`,`+2 is +1 or −1, the
eight operators (L1

q, Q
2
q) form the Lie algebra of SU(3) (the commutators will

be independent of the α’s). It is important to stress that Eq. (13) and the commu-
tators are also valid for fermion systems (in orbital space) and therefore, there
will be multiple SU(3) algebras in both SM and IBM. In general, for a given η
there will be 2[η/2] number of SU(3) algebras; [η/2] is the integer part of η/2.
Thus, in sdIBM there will be two SU(3) algebras as discussed in the context of
QPT [26]. They generate prolate and oblate shapes respectively. Also, in nuclear
(2s1d) shell, with nucleons, there will be two SU(3) algebras [3].

Going beyond sdIBM, in sdgIBM there will be four SU(3) algebras. Employ-
ing the coherent state (CS) in terms of (β2, β4, γ) for a NB boson system, as
employed before in [27, 28], the CS expectation value of

HSUsdg(3) = −Q2(S) ·Q2(S), with Q2
µ(S) =

√
8/3Q2

µ,

is given by
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ESUsdg(3)(N
B ;β2, β4, γ) =

〈
NB ;β2;β4, γ | −Q2(S) ·Q2(S) | NB ;β2;β4, γ

〉
=

−(NB)2

(1 + β2
2 + β2

4)2

[448

15
α2
sd β

2
2 +

384
√

14

35
αsdαdgβ

2
2β4

+
352
√

35

105
αsdβ

3
2 cos 3γ +

64
√

35

21
αsdβ2β

2
4 cos 3γ +

3456

245
α2
dgβ

2
2β

2
4

+
1056

√
10

245
αdgβ

3
2β4 cos 3γ +

484

147
β4
2 +

192
√

10

49
αdgβ2β

3
4 cos 3γ

+
880

441
(4− cos2 3γ)β2

2β
2
4 +

400

1323
(16− 7 cos2 3γ)β4

4

]
. (14)

Minimizing ESUsdg(3) with respect to β2, β4 and γ will give the equilibrium
(ground state) shape parameters (β0

2 , β0
4 , γ0) and the corresponding equilibrium

energy E0
SUsdg(3)

. As seen from the Table 2, the four values of (αsd, αdg) gen-
erate the four combinations of (prolate, oblate) deformations in (β2, β4) but all
with same E0. This energy value is same as the large NB eigenvalue of the
quadratic Casimir invariant of SU(3) in the (4NB , 0) irrep.

Table 2. Equilibrium shapes for the four SU(3) algebras in sdgIBM

αsd αdg β0
2 β0

4 γ0 E0
SUsdg(3)

+1 +1
√

20/7
√

8/7 0◦ −(64/3)N2

-1 +1
√

20/7 −
√

8/7 60◦ (−64/3)N2

+1 -1
√

20/7 −
√

8/7 0◦ (−64/3)N2

-1 -1
√

20/7
√

8/7 60◦ (−64/3)N2

6 Conclusions

In this article, relationship between quasi-spin tensorial nature of one-body tran-
sition operators and the phase choices in the multi-orbit pair creation operator
is derived for both identical fermion (described by shell model) and boson (de-
scribed by interacting boson model) systems. Results for the correlation coef-
ficients between the pairing operator with different choices for phases in S+

and realistic effective interactions showed that the choice advocated by AM [6]
gives maximum correlation though its absolute value is no more than 0.3. Ap-
plications of multiple pairing algebras showed that, drawing on Maheswari and
Jain work [22, 23], generalized seniority in SM with phase choice advocated by
AM along with effective Ω values is seen to be good for Sn isotopes both for
low-lying states and high-spin isomeric states. However, direct experimental
evidence for pairing algebras with other phase choices is not yet available.

Turning to interacting boson model description of collective states, impos-
ing specific tensorial structure for EM operators with respect to the pairing
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SUQ(1, 1) algebra is now possible. It will be interesting to derive results for
B(E2)’s (say in sdg and sdpf IBM’s) and B(E1)’s (in sdpf IBM) with fixed
tensorial structure for the transition operator but with wavefunctions that corre-
spond to different SUQ(1, 1) algebras. Such an exercise was carried out before
for sdIBM [29]. A beginning is also made in the study of multiple rotational
SU(3) algebras both in SM and IBM’s as discussed in Section 5. A more sys-
tematic study of multiple SU(3) algebras and also multiple pairing algebras with
internal degrees of freedom [20, 30] will be the topics of future papers.
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