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Abstract. In nuclei with valence nucleons that are identical nucleons and oc-
cupy 7 number of j-orbits, there will be 2"~ number of multiple pairing (quasi-
spin) SU(2) algebras with the generalized pair creation operator S being a
sum of single-j pair creation operators with arbitrary phases. Also, for each set
of phases there will be a corresponding Sp(22) algebra in U(292) D Sp(29);
Q = >(2j + 1)/2. Using this correspondence, derived is the condition for a
general one-body operator of angular momentum rank & to be a quasi-spin scalar
or a vector vis-a-vis the phases in .S.. These will give special seniority selection
rules for electromagnetic transitions. We found that the phase choice advocated
by Arvieu and Moszkowski gives pairing Hamiltonians having maximum corre-
lation with well known effective interactions. All the results derived for identical
fermion systems are shown to extend to identical boson systems such as sd, sp,
sdg and sdpf interacting boson models (IBM’s) with SU(2) — SU(1,1) and
Sp(2Q) — SO(29). Going beyond pairing, for a given set of oscillator orbits,
there are multiple rotational SU(3) algebras both in shell model and IBM’s.
Different SU (3) algebras in IBM’s are shown, using sdgIBM as an example, to
give different geometric shapes.

PACS codes: 21.60.Cs, 21.60.Fw, 23.20.-g

1 Introduction

Pairing force and the related quasi-spin or seniority quantum number continue
to play an important role in shell model (SM) in particular and nuclear structure
in general [1,2]. There are several single-; shell nuclei that are known to carry
seniority quantum number as a good or useful quantum number [1, 3,4]. Even
when single shell seniority is a broken symmetry, seniority quantum number
provides a basis for constructing shell model Hamiltonian matrices [5]. Pair-
ing symmetry with nucleons occupying several j-orbits is more complex and
less well understood from the point of view of its goodness and usefulness in
nuclei. Restricting to nuclei with valence nucleons that are identical nucleons
(protons or neutrons) and occupy several-j orbits, then it is possible to consider
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pair creation operator S to be a sum of the single-j shell pair creation opera-
tors S, (j) with arbitrary phases «;. This gives rise to quasi-spin SU(2) algebra
with multi-orbit or generalized seniority. However, with » number of j shells
there will be 2"~ SU(2) algebras. Also, for each «; set there is a correspond-
ing sympletic algebra Sp(2Q) in U(2Q) D Sp(2Q2) with Q = > (25 + 1)/2.
In this paper we will examine in detail these multiple pairing SU (2) algebras in
SM and also the corresponding multiple pairing algebras in the interacting boson
models (IBM’s) with identical bosons (e.g. sd, sdg, sdpf IBM’s). The useful-
ness or goodness of these multiple pairing algebras in SM is not well known
(similarly in IBM’s) except that a special situation was studied long time back
by Arvieu and Moszkowski (AM) [6] in the context of surface delta interaction.
Let us add that more general pairing with «;’s treated as free parameters, with
three and higher-body pairing, using pair coupled basis and so on are topics of
many recent studies [1,7-10]. Besides pairing, the rotational SU(3) symmetry
is important, both in SM and IBM’s, in describing quadrupole collective states
in light to heavy nuclei and this symmetry continues to be of great interest;
see [11-13] and references therein. The SU(3) algebra will be present when
nucleons (bosons) occupy all orbits in an oscillator shell. In an oscillator shell
1, there will be 27/2 number of SU(3) algebras. Now we will give a preview.

Section 2 gives in some detail, algebraic structure of the multiple multi-orbit
pairing quasi-spin algebras in SM, selection rules for electromagnetic transi-
tions with multi-orbit seniority and the results for the correlation between re-
alistic effective interactions and pairing operator with a given set of phases in
Sy. Section 3 gives details of the multiple multi-orbit pairing algebras in inter-
acting boson models with identical bosons. Applications of multi-orbit pairing
algebras is given in Section 4. In Section 5, some results for multiple SU(3) al-
gebras are given with particular reference to geometric shapes. Finally, Section
6 gives conclusions.

2 Multiple Pairing SU(2) and Complimentary Sp(N) Algebras

Let us say there are m number of identical fermions (protons or neutrons) in j
orbits j1, j2, ..., Jr- NOW, it is possible to define a generalized pair creation
operator S as

27+1 0
Sr =Y a;8:(); 5+0) = Y2 (alal) (1)
J

2 3%

Here, ; are free parameters and real. The m used for number of particles should
not be confused with the m in jm. Given the S operator, the corresponding pair
annihilation operator S_ = (SJF)T and Sy = (7 — Q)/2 form the generalized
quasi-spin SU(2) algebra [hereafter called SUq(2)] if a? = 1 for all j. Note
that 72 is the number operator and 2 = . ) with ; = (2j +1)/2. Thus, in
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the multi-orbit situation for each {a;,, @j,, ...,  } with a;, = £1 there is a
SUq(2) algebra. Then, for r number of j orbits there will be 2"~ number of
SUq(2) algebras. The consequences of having these multiple pairing SUq(2)
algebras will be investigated in the following.

Firstly, it is well known that with SUQ(Q), we have seniority classification of
m particle states giving |m, v, ) states; 5 is an extra label that is required
to specify the m particle state completely. The seniority quantum number
v=m,m—2,..,0or1lform < Qandv = (20 —m), (22 —m) — 2,
..., 0o0r1form > Q. Now, the pairing Hamiltonian H, = —4GS,S_
and its eigenvalues are (—4GS.S_)"" = —G(m —v)(2Q — m — v + 2).
In the (j1,J2,-..,7»)™ space, often it is more convenient to start with the
U(N) algebra (N = 2Q) generated by the one-body operators u’; (J1,42) =

(a}ldh)’qf. Then, m fermion states belong to the irreducible representation (ir-

rep) {1™} of U(N). The quadratic Casimir invariant of U(N) is easily given
by Co(U(N)) = >, 5, (=) 7257, u®(j1,72) - uF(ja, 1) with eigenval-
ues (Co(U(N)))™ = m(N + 1 — m). More importantly, U(N) D Sp(N).
The N(N + 1)/2 number of Sp(NN) generators are uf(j, j) with k=odd and
VE(j1,j2) [with ji > jo and X (j1, j2, k) = 1],

k k
Vit j2) = W G gz k)] [(a}lah)q + X(j, o, k) (a;ajl)q} e

The quadratic Casimir invariant of Sp(N) is Ca(Sp(N)) =
230 Y ohmoaa W (5:0) - uP(9) + X sw Vi g2) - V(1. g2).  Sin-
gle most important result that can be proved, after some algebra, is that the
Sp(IN) algebra is complimentary to SUg(2) algebra defined for a given set of
{aj,,aj,,..., ;. } provided

N(j17j27k) = (—1>k+10éj10éj2 ’ X(j17j27k) = (_1)j1+j2+kajlaj2 . (3)

Using Egs. (2) and (3), it is easy to derive the important relation, Co (U (N)) —
C2(Sp(N)) = 45, S_ — n and then (Co(Sp(N))™" = v(2Q + 2 — v). As
the Sp(IV) generators are one-body operators and that Sp(N) < SUg(2),
there will be special selection rules for electro-magnetic transition opera-
tors connecting m fermion states with good seniority. Their relation to the
{aj,,aj,,...,0a;.} set, to our best of knowledge, is not discussed before in
literature. We will turn to this now.

2.1 Selection rules for electro-magnetic transitions

Electro-magnetic (EM) operators 7L and T™E respectively with L =
1,2,3, ..., are one-body operators (two and higher-body terms are usually not
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considered). Their general form with X = E or M is,

XL L Eig,]}‘l i~ \*
1 26 (a]&J) + Z 6]1 2 ( aiz)q"'exp (ajzajl)q - @
71,72

J1>J2

Now, the commutator of 7X % with S will give the seniority selection rules for
allowed transitions, the commutator is zero implies that the operator is a scalar
Ty with respect to SUg(2) and otherwise it will be a quasi-spin vector 7). In
either situation the .S, component of 7" is zero as a one-body operator can not
change particle number. For j; # jo we have

[S+, (%1%2) +X(a;2&j1)’;]

= —Qy, (aj1aj2>q {1 -X A, Ajy (*1)j1+j2+k} )]

Therefore,
[engjJ / [eﬁsz} = ozjlajz(—l)j1+j2+L — T(? wrt. SUg(2) , ©
[eﬁ%l} / [eﬁgz} = —ajlajz(—l)j1+j2+L — TO1 wrt. SUg(2) .

Similarly, for j; = j we have (aTaJ) with & odd will be T3 and k even (except
for k = 0) will be T} w.r.t. SUg(2). These results are consistent with the
Sp(N) « SUq(2) equivalence. Thus, the SUq(2) tensorial nature of TXE
depend on the «; choice. For T{) we have v — v and for T} we have v — v, v42
transitions. It is well known [1, 6] that for TFL and TML operators,

(EL (ML
J2,J1 _(_1)€1+€2+j1+j2+L J2,J1 (_1)€1+€2+j1+j2+L 7
Ll ’ eML ’

J1,J2 J1,J2

In Eq. (7), ¢; is the orbital angular momentum of the j; orbit. Therefore, com-
bining results in Eqs. (6) with (7) together with parity selection rule will give
seniority selection rules, in the multi-orbit situation, for electro-magnetic tran-
sition operators when the observed states carry seniority quantum number as a
good quantum number. The selection rules with the choice a;, = (—1)% for
all i are as follows. (i) TF% with L even will be T} w.rt. SUq(2). (i) TFL
with L odd will be TO1 w.rt. S UQ(2). However, if all j orbits have same parity,
then 7L with L odd will not exist. (iii) 7M% with L odd will be T3 w.r.t.
SUg(2). (iv) TML with L even will be T w.rt. SUg(2). However, if all
j orbits have same parity, then 7™ with L even will not exist. These rules
were given already by AM [1,6] and as stated in [6], AM introduced the choice
a; = (—1)% “for convenience ”. It is important to note that for SUq(2) gener-
ated by a; # (—1)%, the above rules (i)-(iv) will be violated and then Eq. (6)
has to be applied. This is a new result not reported before, to our knowledge, in
the literature.
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2.2 Correlation between pairing operator and effective interactions

In m particle spaces it is possible to define, using the spectral distribution method
of French [14], a geometry with norm (or size or length) of an operator O given
by || O [|lm= [< [O]TO >™]'/2; O is the traceless part of O. Then, the

1t~
correlation coefficient (O, O2) = {|| O1 [|m || O2 ||m]}~* < [(91] Oy >™
gives the cosine of the angle between the operators @7 and O>. Most recent

application of norms and correlation coefficients, in understanding the structure
of effective interactions, is due to Draayer et al [15].

Given a realistic effective interaction Hamiltonian H, ( defined above can be
used as a measure for its closeness to the pairing Hamiltonian Hp = S,.5_
for a given set of «;’s defining Sy . Following this, ((H, Hp) is evaluated for
effective interactions in (° f7 /2, ° f5 /2. 'p3 /2. 'p1/2)s O f5/2. 'p3/2. '01/2- 99 /2)
and (Og7/2, 1d5/2, 1d3/2, 231/2, 0h11/2) spaces using GXPF1 [16], JUN45 [17]
and jj55-SVD [18] interactions respectively. As we are considering only identi-
cal particle systems and also as we are studying correlation of H’s with Hp’s,
only the T'" = 1 part of the interactions is considered. Results presented in Ta-
ble 1 clearly show that the choice a; = (—1)% gives the largest value for ¢
and hence it should be the most preferred choice. This is a significant result
justifying the choice made by AM [6], although the magnitude of ( is not more

Table 1. Correlation coefficient ¢ between a realistic interaction (H) and the pairing
Hamiltonian H, for various particle numbers (m) in three different spectroscopic spaces.
The phases «; for each orbit in the generalized pair creation operator are given in column
#4 (the order is same as the sp orbits listed in column #1). The variation in ¢ with particle
number m is given in column #5. Results for the phase choices that give |¢| < 0.1 for all
m values are not shown in the table.

sp orbits interaction m o C(H, Hp)
g7/2, 'ds o, 'd3s2, | jiS5-SVD 2-30 | (+,+,+,+ —) | 0.33-0.11
51/2, h11/2 (+,+,+7—7—) 0.26-0.09
(+,+,—,+,—) | 0.17-0.06

(+,+,—,—,—) | 0.13-0.04

(+,—,+,+,—) | 0.11-0.04

O fs/2, 'p3y2, jun45 2-20 (+,+,+,—) 0.42-0.21
P1/2, G9/2 (+,+,——) 0.27-0.13
(+,—,+—) 0.15-0.07

(+,— =) 0.12-0.06

0 f7/2, ' P32, gxpfl 2-18 (+,+,+,+) 0.36-0.33
®fs/25 P12 (+++,-) 0.22-0.20
(+,—,+,+) 0.13-0.12

(+, =+ —) 0.13-0.11

(+,—,—,—) 0.11-0.10
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than 0.3. Thus, realistic H are far, on a global m-particle space scale, from the
simple pairing Hamiltonian. However, it is likely that the generalized pairing or
sympletic symmetry may be an effective symmetry for low-lying state and some
special high-spin states. Evidence for this will be discussed in Section 4.

3 Multiple Pairing SU(1,1) and Complimentary SO(N) Algebras in
Interacting Boson Models

In interacting boson models [19] with identical bosons as in sd, sp, sdg and sdp f
IBM’s, it is possible to have multiple pairing symmetry algebras as we have sev-
eral ¢ orbits in these models [11,20,21]. The pairing algebra here is SUg(1, 1)
with the generalized boson pair creation operator S f =>,BS f (£), By = £1.

Note that SZ(¢) = (b; ~b};)/2. The SUq(1, 1) is generated by SB, ST = (SE)T
and S§ = (AP + QP)/2 where 7 is number operator and Q8 = 3, QF;
QP = (2¢+ 1)/2. Thus, in general for » number of ¢ orbits there will be 27!

number of SUS(1,1) algebras. Just as for fermions, in the ({1, £, . .. AL
space, there is a SO(N) « SUg(1,1) in UN) D SOWN); N = 2QB. The

N
U(N) generators are u’; (01, 02) = (bz1 bg2) and N P boson states belong to the
q

irrep { N2} of U(N). The quadratic Casimir invariant of U (/) is easily given
by Co(UN)) = 3, 4, (1) 30 ub (€1, 02) - uF(€a, £1) with eigenvalues

<CQ(U(N))>NB = NB(NB + N —1). More importantly, given SUp(1,1)
with given a set of 3,’s, the generators of the complimentary SO(N) are [20],

SO(N) :ul(¢,6) with k odd,

~ k ~
VE(l, L) ={(—=1)"Y2Y (£, 45, k)}1/2[<bjz1b€2)q+Y(€17527 k) (bl be, A
Y (£1, 02, k) = (=1)F1 By, By, (8)

Using these, it is seen that 45858 = Cy(UN)) — AP — C2(SO(N)) and
(Cg(SO(N))>NB7wB = wB(w? + N — 2) with the seniority quantum number

wB =NB NB -2 ...,00r1. Now, given a general one-body operator
_\k N A 0 N\
TF =3 "¢, (b}bg) + > e, [(b}lb,zQ) + (b}ngl) ] )
I T >t € q

as SO(N) < SUp(1,1), it is clear from the generators in Eq. (8) that the
N
diagonal (beg) part will be S Ug (1, 1) scalar 7§ for k odd and vector Ty for
q
k even (except for & = 0). Similarly, the off diagonal ¢, # ¢5 part will be

k k

€0y 0 €0, 0
= (DM B 2 TD . = (1) B 2 Ty . (10)
01,02 £1,42
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Thus, the selection rules for the boson systems are similar to those for the
fermion systems. Results in Egs. (8) and (10) together with a condition for
the seniority tensorial structure will allow us to write proper forms for the EM
operators in boson systems. If we impose the condition that the 7"-L=¢v¢" and
TM,L=cdd gperators are Ty and Ty w.r.t. S Ug (1,1), just as the fermion opera-
tors are w.r.t. SUg(2) (see Section 2), then

Th = ey (bﬁ?z)j-F > b [(bzgzz)j + Be, Be, (bLEel)j - (1D
¢ 0>t

However, if we impose the condition that T#* is Tg w.r.t. SU5(1,1), then

~ L - L
TP L=even = N ok [(bzlb@,)q — BB, (bgbel)J (Dt =1,
L1 >4 . .
TE7L:Odd = Z 6IZL1,E2 |:(b;1522> +551ﬂl2 (b};i)h) :| ) (_1)£1+Z2 =-1.
L1>02 1 1
(12)

Similarly, 7" can be chosen to be Ty w.r.t. SUg (1,1).
4 Applications of Multi-Orbit Multiple Pairing Algebras

Firstly, in good seniority states, the matrix elements of 7 type operators do
not depend on particle number but only on seniority and they will be only of
v — v type. For T} type operators we have v — v, v + 2 transitions and more
significantly, the number dependence of these matrix elements can be factored
out. The factor for v — v transitions is (2 —m)/(2 —v) and forv —2 — vitis
[(2Q —m — v +2)(m — v +2)/4(Q — v + 1)]'/2. These results will go to those
of boson systems with the well known 2 — —Q symmetry [20]. Using these,
numerical results for the variation of B(FE L) with particle number are shown in
Figures 1a,b for fermion systems and 1c,d for boson systems.

There is now good data available for B(E2)’s and B(E1)’s for some high-spin
isomer states in even Sn isotopes. These are: B(E2;10" — 8*) data for 116Sn
to 13°Sn and B(E2;15~ — 137) for 2°Sn to '?8Sn and B(E1;13~ — 127)
in 129Sn to 126Sn. The states 10 and 87 are interpreted to be v = 2 states while
157, 13~ and 127 are v = 4 states. Therefore, all these transitions are v — v
transitions and their variation with m follows the results in Figure 1a. This is
well verified by data [22] by assuming that the active sp orbits are “h1 /o, 'd3 /o
and %s; /2 With 2 = 9 (see also Figure la with = 9). The results with {2 = 8
and Q = 7 obtained by dropping 2s; /2 and Lds /2 orbits respectively, are not in
good accord with data. In addition, recently B(FE2;2] — 07) data for 1*4Sn
to 139Sn are compiled and the data shows a dip at ''5Sn and they are close to
adding two displaced parabolas; see Figure 1 in [23]. This is understood by
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Figure 1. (a) Variation of B(E L) with particle number m for three different values of Q2
and seniority v = 2 for v — v transitions. (b) Variation of B(E2;v = 2,27 — v =
0,0") with particle number for two different values of . (c) Variation of B(EL) with
particle number N2 for Q = 16 and seniority w? = 2 for w® — w? transitions. (d)
Variation of B(E2;w? = 2,27 — w? = 0,07) with particle number N Z. All values
are scaled such that the maximum value is 100 and they are not in any units. The TFL
operators are assumed to be of Ty type.

employing g7 /5, *ds 2, 'd3/5 and s, /5 orbits for neutrons in '°*Sn to 9Sn
with © = 10 and '°°Sn core. Similarly, 'd5 /5, 'd3/2, ?s1 /2 and ®hyy /o orbits
with = 12 and 1°8Sn core for '1%Sn to '°Sn. Then, the B(E?2) vs m structure
follows from Figure 1b by shifting appropriately the centers of the two parabolas
in the figure and defining properly the beginning and end points. These results
show that for Sn isotopes generalized seniority, with the choice a; = (—1)%
and effective ) values, is possibly an ‘emergent symmetry’.

Turning to the interacting boson models, firstly B(E L) values increase with N 2
and this trend is seen in B(E2) values of Ru isotopes [24]. More importantly,
the results in Section 3 will allow for the determination of the structure of EM
operators given the choice for the structure of the pairing operator. This con-
sistency is not maintained in many of the IBM studies presented in literature.
Let us consider the example of sdpf model [21] applied recently with good
success in describing E'1 strength distributions in Nd, Sm, Gd and Dy isotopes
[25] and also spectroscopy of even-even %3~ 110Ru isotopes [24]. In sdpfIBM,
there will be eight generalized pairs S and the algebra complimentary to the
SUq(1,1) is SO(16) in U(16) D SO(16). Keeping intact the SO(6) pair
structure of sdIBM as chosen by Arima and Iachello, we will have four S pairs,
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S, = stst—dt-di +pt-pf 4 f1. f1 giving SUQ’f’i’i(l, 1) and correspondingly
four SO —*%(16) algebras. For each of the four choices, one can write down
the 752 and T®! operators that transform as 73 or Ty w.r.t. SUg(1,1). In[21],
SUg’_’_’_(l, 1) is employed. With respect to this, the E2 and E1 operators
employed in [21,24,25] will be mixtures of Tg and Tol. For example, the E'1
operator used is 751 = o, (sTp+p'3)L + apa(pTd+d'p)} +agr (dTf+ f1d)}

and this whole operator can be made 7 by using instead o), (sTﬁ — pTE)i.

5 Multiple SU(3) Algebras in SM and IBM

Given an oscillator shell with shell number 7, the orbital angular momentum
carried by a particle (fermion or boson) in the shell takes values ¢ = 7, n — 2,

., 0 or 1. For simplicity, let us consider identical bosons in the shell 7. Now,
the angular momentum operator Lé and quadrupole moment operator Qg =

\/ Zr?Y2(6, ¢) are given by
[0(0+1)(2041) /45 \!
1 _
o= Z 3 (bfb‘)q ’
(CH1)20+1) 45
Q2=—(2+3 Z\/40 ToTasy (bjbe)? (13)

+Zaz z+2\/ () (£+2()2(27+3€))(77+€+3) [(b%ﬁz)g + (bz+25z)c2;].
£<n

After some tedious algebra, it can be shown that for oy 42 is +1 or —1, the
eight operators (L, Q2) form the Lie algebra of SU(3) (the commutators will
be independent of the «’s). It is important to stress that Eq. (13) and the commu-
tators are also valid for fermion systems (in orbital space) and therefore, there
will be multiple SU (3) algebras in both SM and IBM. In general, for a given 7
there will be 2[7/2] number of SU(3) algebras; [17/2] is the integer part of 7/2.
Thus, in sdIBM there will be two SU (3) algebras as discussed in the context of
QPT [26]. They generate prolate and oblate shapes respectively. Also, in nuclear
(2s1d) shell, with nucleons, there will be two SU(3) algebras [3].

Going beyond sdIBM, in sdgIBM there will be four SU(3) algebras. Employ-
ing the coherent state (CS) in terms of (B2, 34,7) for a NZ boson system, as
employed before in [27,28], the CS expectation value of

Hgy,, ) = —Q*(S) - Q*(S), with Q5(S) = /8/3Q},

is given by
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ESUsdg(s)(NB;ﬁzaﬁzxﬁ) = <NB'52;5477 | —Q*(S) - Q*(S) | NP; B2; Ba, v)

+ % asd5§ cos 3y + 64;{% @saf2ff cos 3y + 3244556 g 12
+ % (4 — cos® 3v)B3 7 + 1430203 (16 = 7cos® 37)8; | (14)

Minimizing Esy,, (3) with respect to 62, B4 and « will give the equilibrium
(ground state) shape parameters (39, 37, 4°) and the corresponding equilibrium
energy ESUsdg(s) As seen from the Table 2, the four values of (cvsq, ctgy) gen-
erate the four combinations of (prolate, oblate) deformations in (33, 84) but all
with same E°. This energy value is same as the large N eigenvalue of the
quadratic Casimir invariant of SU(3) in the (4N, 0) irrep.

Table 2. Equilibrium shapes for the four SU(3) algebras in sdgIBM

Qsd Qdg B3 ey ~° EEUW@

+1 +1 \/20/7 8/7 0° —(64/3)N?
-1 +1 \/20/7 —/8/7 60° (—64/3)N?
+1 -1 V/20/7 —\/8/7 0° (—64/3)N?
-1 -1 20/7 8/7 60° (—64/3)N?

6 Conclusions

In this article, relationship between quasi-spin tensorial nature of one-body tran-
sition operators and the phase choices in the multi-orbit pair creation operator
is derived for both identical fermion (described by shell model) and boson (de-
scribed by interacting boson model) systems. Results for the correlation coef-
ficients between the pairing operator with different choices for phases in S
and realistic effective interactions showed that the choice advocated by AM [6]
gives maximum correlation though its absolute value is no more than 0.3. Ap-
plications of multiple pairing algebras showed that, drawing on Maheswari and
Jain work [22,23], generalized seniority in SM with phase choice advocated by
AM along with effective ) values is seen to be good for Sn isotopes both for
low-lying states and high-spin isomeric states. However, direct experimental
evidence for pairing algebras with other phase choices is not yet available.

Turning to interacting boson model description of collective states, impos-
ing specific tensorial structure for EM operators with respect to the pairing
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SUgq(1,1) algebra is now possible. It will be interesting to derive results for
B(E2)’s (say in sdg and sdpf IBM’s) and B(E1)’s (in sdpf IBM) with fixed
tensorial structure for the transition operator but with wavefunctions that corre-
spond to different SUg(1, 1) algebras. Such an exercise was carried out before
for sdIBM [29]. A beginning is also made in the study of multiple rotational
SU(3) algebras both in SM and IBM’s as discussed in Section 5. A more sys-
tematic study of multiple SU(3) algebras and also multiple pairing algebras with
internal degrees of freedom [20, 30] will be the topics of future papers.
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