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Abstract. Pairing correlations are generating, as well-known, counter-rotating
currents in well-deformed nuclei undergoing a collective rotation, a phe-
nomenon dubbed as the Coriolis anti-pairing effect. It has already been shown
that the coupling of these currents with those generated by the global rotation
could be well described within the Chandrasekhar S-ellipsoid framework. Tak-
ing stock of this, we express the energies of states within a K=0 band of even-
even nuclei in the form of a fixed polynomial of order three in the square of the
angular velocity where the only quantities to be entered for each nucleus are the
equilibrium intrinsic deformation and the energy of the first 2+ state. Calcula-
tions have been performed for a selection of deformed rare-earth and actinide
nuclei. Despite the relatively minor input of data, the agreement with the exper-
imental energies within a band is generally found to be very good up to rather
high spins, up to a point where other coupling mechanisms start to be effective,
like e.g. the centrifugal stretching or the back-bending phenomenon.

PACS codes: 21.10.Re, 21.60.Ev

1 Introduction

In such complex systems as collectively rotating atomic nuclei, the eigenvalues
of the hamiltonian are not given by the standard expression for the eigenval-
ues of the hamiltonian of a quantal rotor, proportional to I(I + 1) for a state
whose angular momentum is defined by I . There are indeed many sources of
deviations which correspond to the coupling of the global rotation with other
dynamical modes. Among those, one is particularly at work at relatively low
angular momentum and dubbed as the Coriolis anti-pairing effect (CAP). It has
been studied first by B.R. Mottelson and P.G. Valatin [1] in terms of a collective
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gradual alignment of the angular momenta of the two nucleons of all the Cooper
pairs. Of course other phenomena ought to be considered. In some cases, for
instance, one experiences at sufficiently large spins a crossing of the ground
state band with a band of rotational states whose intrinsic structure corresponds
to the rotation-generated alignment of a pair of quasi-particles (the so-called
back-bending effect). Other effects, of a collective nature now, are also to be
considered like the centrifugal stretching or a coupling with vibrational states.
All those effects are reasonably assumed to play a minor role at low spins for
bands corresponding to well-deformed intrinsic states. In what follows we will
describe merely the CAP effect. This imposes consequently an upper limit on
the spins to be legitimately considered in our study. Or, formulated in a more
positive way, it may provide signals for the appearance of effects in the band
states other than CAP.

Specifically, we will propose to represent the energies within a band in a polyno-
mial form of order three in the square of the angular velocity Ω. The mathemati-
cal structure of this polynomial will remain the same for all nuclei which makes
this approach fundamentally different from the blind fitting process of Harris [2].
Only, the values of two free parameters will have to be fixed for each nucleus
by the input of two experimental ingredients: the equilibrium quadrupole defor-
mation and the energy of the first state (2+) in the band. The predictive power,
within the above discussed limits, will thus be evaluated by the ability to reason-
ably reproduce spectra up to spin 30 ~ or so in some cases.

2 Coupling Rotation-Pairing and Intrinsic Vortical Currents:
Chandrasekhar S-Ellipsoids

It has been shown in a series of papers (see [3] and Refs. quoted therein) that
one could represent the CAP counter-currents by a linear divergence-free veloc-
ity field coupled with the global rotation velocity field according to the Chan-
drasekhar’s S-ellipsoids scheme [4] (where the vorticities of the two fields are
anti-aligned excluding thus K 6= 0 bands). It has been shown, in particular,
that a Routhian Hartree-Fock calculation constrained on the value of the so-
called Kelvin circulation operator (see e.g. [5] for its definition and main prop-
erties) yields solutions whose rotational properties were very similar to those of
a Routhian Hartree-Fock-Bogoliubov calculation provided that the two relevant
Lagrange multipliers were related as will be discussed now.

These Lagrange multipliers are two angular velocities Ω and ω corresponding to
the global rotation and the intrinsic counter-rotation respectively

ω(Ω) = −kΩ

[
1− (

Ω

Ωc

2

)

]
, (1)

where the positive scaling factor k and the critical angular velocity Ωc will be
discussed below.
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The above relation ensures the counter-rotating character (for Ω ≤ Ωc) by the
presence of a minus sign. It exhibits the proportionality, all other things being
kept constant, of the intrinsic currents with respect to their cause, the global ro-
tation, as well as its dependence, all other things being kept constant, on the
amount of pairing correlations. The latter is implemented by a dependence of
the condensation energy on Ω which is similar to what is obtained in the BCS
approach where Ω plays the role of an external magnetic field, owing to the
well-known analogy between the Lorentz force and the Coriolis pseudo-force.
The condensation energy is defined here as the expectation value of the residual
interaction responsible for the pair-condensation. The critical angular velocity
has been found in [3] to be given in a somewhat similar fashion to what is done
to determine the critical magnetic field in superconductors by equating the ro-
tational energy in the absence of pair correlations with twice the condensation
energy at zero spin E0, namely

Ω2
c =

4E0

JR
, (2)

where JR is the moment of inertia considered in the absence of pair correlations
i.e. the rigid-body moment of inertia.

3 Polynomial Expression of the Rotational Energy as a Function
of the Angular Velocity

Starting from an energy quadratic in Ω and ω, namely

E(Ω, ω) =
1

2
(Aω2 + 2BΩω + CΩ2) , (3)

one obtains the energy as a mere function of Ω by inserting the above expression
of ω(Ω) as

E(Ω) =
Ω2

c

2

[
C − 2Bk(1− ξ2) +Ak2(1− ξ2)2

]
ξ2 , (4)

where
ξ =

Ω

Ωc
. (5)

The generalized moments of inertia A, B and C have been evaluated in [5]
within a semiclassical approximation (the so-called Extended Thomas-Fermi
method) at order 2 in ~ of constrained Routhian Hartree Fock calculations. They
may be expressed in terms of JR and of a parameter q equal to the ratio of large
and small semi-axis corresponding to an ellipsioidal approximation of the de-
formed equilibrium shape (see [5] for details). These moments are indeed rather
close to JR (up to ≈ 10%) and are ordered as follows

B ≤ A ≤ C . (6)
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The moment of inertia JR for a spherically symmetrical nucleus is obtained
through a standard semiclassical expression (e.g. in our case as in Eq. (73) of
Ref. [6]) and its deformation dependence is given as in the liquid drop model,
taking only quadrupole deformation modes into account.

The first experimental quantity which we have to introduce for each nucleus is
its equilibrium deformation. This is needed to define JR and q and subsequently
A,B andC. We introduce to this effect, the charge quadrupole moment deduced
from the B(E2, 2+ − 0+) value in the ground state band given e.g. in the com-
pilation of Ref. [7]. In cases where such data are not available, we have used the
β deformation parameter values calculated in the systematic study of Ref. [8].

We also need to determine the critical angular velocity Ωc where pairing corre-
lations vanish and for that purpose, we choose for all nuclei an universal value
of the correlation energy given by S.G. Nilsson [9]. Under the assumption val-
idated approximately in [3] that the condensation energy is equal to half the
condensation energy, this leads to a value of E0 = 4.6 MeV.

To define the scaling parameter k, we should introduce for each nucleus a second
experimental quantity which is the energy E2 of the first 2+ rotational excited
state. We use the fact that the polynomial expression ω(Ω) is reduced in the
small Ω limit to a linear form.

First one gets Ω2 through

~2Ω2
2 =

2

3
E2

2 (7)

and thus ξ2 = Ω2

Ωc
to yield a second order equation in k

J2 =
3~2

E2
= C − 2Bk(1− ξ2

2) +Ak2(1− ξ2
2)2 , (8)

whose root comprised between 0 and 1 (since the counter-rotation is not exceed-
ing the global motion) is the one to be retained.

The last task to be performed to get the rotational spectrum E(I) is to deter-
mine the value of the angular velocity associated with the quantum number I or
equivalently the quantity which is constrained in the Routhian approach namely.

I =
√
I(I + 1) . (9)

This is performed through the relation between the two quantities ~I and Ω
expressing the Lagrange multiplier character of the latter when constraining the
value of the former

dI =
1

~
dE(Ω)

Ω
(10)

yielding

~I(Ω) =
[
C − 2B k +Ak2

]
+ 4

[
B k −Ak2

]
ξ2 + 3Ak2 ξ4 . (11)
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It is easy to show that the function I(Ω) is monotonically increasing with Ω and
thus can be safely inverted to get the desired Ω(I).

4 Results

Systematic calculations have been performed for all experimentally well known
deformed even-even nuclei belonging to the rare-earth region and around
(namely for 52 nuclei from Samarium to Tungsten isotopes) and nuclei in the
actinide region and around (namely for 31 nuclei from Radium to Nobelium iso-
topes). A nucleus is considered here as well deformed whenever its ratio R42

between the energies of the 4+ and 2+ states is higher than or equal to 3. These
results will be extensively presented and discussed elsewhere. We will merely
present here some typical examples in both mass regions.

A stringent test of the quality of the theoretical rotational spectra is to compare
the variation of the kinematic moment of inertia J (1) as a function of ~Ω where
both quantities are evaluated from either the experimental or the calculated spec-
tra through the same mathematical expressions. We must of course define what
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Figure 1. (color online) Kinematic moment of inertia J (1) as function of the angular
velocity Ω obtained from the theoretical (solid red line) and the experimental (dashed
blue line) energies, for 9 nuclei of the rare-earth region.
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these expressions exactly are since they aim at determining local quantities (La-
grange multiplier for Ω or a quantity depending on the first derivative of the
energy with respect to I for J (1)) from data only known at discrete points. The
relation which we have considered in this paper are

~Ω(I) =
EI+2 − EI−2

4
(12)

and
J (1)(I) =

2I − 1

EI − EI−2
. (13)
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Figure 1. Continued.
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Corresponding results are plotted on Figures 1 and 2 for some rare-earth (and
around) and actinide (and around) nuclei.

In the first region (see Figure 1) we note a perfect agreement throughout the
whole spectrum (up to the high spin 20+) for a nucleus such as 164Dy and, for
a large part, 166Er where for both R42 ≈ 3.3, and similarly for 178W up to
~Ω ≈ 0.3 MeV (see below). In some cases, the agreement deteriorates rapidly
as in 160Er, 170Er, 174Yb and 170Hf. Some are at variance in their trend almost
from the very beginning such as 154Sm and 156Gd which correspond to rather
poor rotors (R42 ≈ 3.25). Finally in three of them (156Gd, 160Er and 178W) our
approach misses completely the backbending phenomenon which is of course
not a surprise since our model is completely blind to this non-collective pair-
breaking effect.

In the second region (see Figure 2), the agreement (up to very high spins around
30 ~) is indeed excellent for three very well deformed nuclei (where for each
R42 = 3.31), namely 236U, 240Pu and 248Cm. It deteriorates, however, rapidly
with increasing angular velocity, for the other which is presented: 232Th. It
had been already noted many years ago that, for most of the actinide nuclei, the
change in the moment of inertia is due to a collective variation of the pairing [10]
a trend which we retrieve here.

0 0,05 0,1 0,15 0,2 0,25 0,3

h
_ Ω (MeV)

60

70

80

90

100

110

120

J(1
) / h_ 2

 (
M

eV
-1

)

232
Th

0 0,05 0,1 0,15 0,2 0,25 0,3

h
_ Ω (MeV)

60

70

80

90

100

110

120

J(1
) / h_ 2

 (
M

eV
-1

)

236
U

0 0,05 0,1 0,15 0,2 0,25

h
_ Ω (MeV)

60

80

100

120

J(1
) / h_ 2

 (
M

eV
-1

)

240
Pu

0 0,05 0,1 0,15 0,2 0,25 0,3

h
_ Ω (MeV)

60

70

80

90

100

110

120

J(1
) / h_ 2

 (
M

eV
-1

)

248
Cm

Figure 2. (color online) Same as Figure 1 for 4 nuclei of the actinide region.
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5 Conclusion

This work yields a polynomial expression for the energy in terms of the an-
gular velocity, from physical arguments, and not through a fit as in the Harris
formalism. It clearly confirms the relevance of the description of the rotation-
ally induced pairing quenching by intrinsic vortical currents already discussed
previously. While it is obviously limited to describe merely such a collective
coupling of rotational and pairing degrees of freedom, its relative success in
most very well deformed nuclei up to some critical spin, may be used to provide
a baseline out of which the appearance of other effects could be demonstrated.
It could be finally of interest to correct calculated energies aiming at describing
K = 0 bands up to moderate spin values from moments of inertia evaluated in
the adiabatic limit as in Bohr hamiltonian calculations stemming from micro-
scopic mean field approaches.
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