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Abstract. We have applied the extended transformation method to a non-
powerlaw potential to generate a set of exactly solved quantum syst&p$) (E

in any chosen dimensional Euclidean space. The bound state S- viatiersof

the Schodinger equation of the generated quantum systems are reported. The
generated quantum systems are generally in sturmian form. We alst aepo
case-specific regrouping technique to convert a sturmian quantuens{®S)

to a normal/physical exactly solved quantum system. The normalizabiliteof th
generated quantum systems is given.

PACS number: 03.65.Ge; 03.65.Fd; 03.65.-w

1 Introduction

The exactly solvable Scbdinger equation for a given physical quantum po-
tential has been the object of investigation for quite a lpagod. It is well
known that in quantum mechanics, the family of S&linger solvable poten-
tials is very restricted, also that the exact solvabilityésy dedicated property.
However, the same handful exactly solvable potentials itefiwell, the har-
monic and anharmonic oscillators, Morse, Hulthen and Rdstler potentials
have been invariably repeated by many authors. Some reapat®in this field
have been given in [1,2]. In general, there are a few main oustho study
exact solutions of quantum mechanical systems. It is wallkmin quantum
mechanics that a total wavefunction provides implicitlyralevant information
about the behaviour of a physical system. Hence if it is éxativable for a
given potential, the wavefunction can describe such a systempletely. Many
exactly solvable potentials are polynomial hyperbolicdtion of spatial coor-
dinate. This apparent shortage of exact solution has lee sesearchers into
considering other forms. In this paper, the extended taansdtion [3] method
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is applied with which new exactly solvable potentials cangeeerated from
already known non-relativistic exactly solved quantumteys The method is
based on transformation called the extended transform#éid) that includes
a coordinate transformation (CT) followed by a functiomahsformation (FT)
and a set of plausible ansatz to restore the transformediequa the standard
Schibdinger equation form. In case of non power law potentialg,niay be
applied repeatedly by selecting the “working potential” ()A\d#ferently from
the multiterm potential to generate a variety of new quangystems (QSs) ex-
cept for one which reverts back to the parent QS. In cagetefm potential, the
working potential can be chosen2fi— 1 different ways. In fact, we have a num-
ber of choices to select the working potential and the leastgha single term.
That the wavefunctions of the generated QSs are almost ala@ynalizable is
a positive feature of the transformation procedure. Anosieriority of ET is
that through FT it is possible to pre-assign the dimensighefransformed QS.
In this paper, we have applied the extended transformatiethod to generate
a class of new QSs from an exactly solved non-power law quasistem [4]
whose potential has a barrier. Our objective is to generate exactly solved
guantum systems, since the exactly solved quantum pdefadalitate physical
applications in different branches of Physics. In dealirithwon-power law
potentials a major complication arises with because thergéed quantum sys-
tems are always a sturmian type. The method of regroupingdhef energy
dependent potentials to physical quantum systems is gieoteal in this paper.

2 Formalism

The radial part of the dimensionless Satlinger equation for an exactly solved
multiterm quantum mechanical system with central non-pdawe potential de-
noted byU(r), which we have termed ad-quantum system (A-QS) in one-
dimensional Euclidean spacs= 1 = 2m], is

W (r) + [B2 — Va(r)|Wa(r) = 0. 1)

Herer is a dimensionless spatial coordinate.
The quantum system is described by the following potendipl [
tanh
Valr) = v(ao tand® gy )y ), )
cosh(r)
wherev = d?Vj is the dimensionless potential depthis the length scale pa-
rameter andZ! = d*E is the dimensionless eigenvalue.

The¢;’s are the parameters of the potential, which can be choseiilatThe
potential contains the solved symmetric well §or= 0 as a special case.

The quantized energy eigenvalues of the potential Eq. (2) efQS are given
in [4] by
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The energy spectrum is a finite one and the upper bound of erggen numbers

n is given according to [4] by
(L, B
o\2 vq2

1 2
<Z + vq2> + v2q%

Unlike power law potentials, for non-power law potentiakaet solutions are
available only fors-wave, whosé = 0.

IA

4

1
n z
2

N | =

The energy eigenfunction is expressed in Jacobi Polyngrfaain as given in
[4] by

Dy (r) = NA(_1)4>\1+2>\2+1u—/\1+%(1 _ u)—/\z—s-%

X ph TR (—isinh(r)), - (8)

where )
u=g (1 +4sinh (1)) (6)
and )
a1 171 PN
A —2+2 4+U(Q2 iq1)| (7)
1 171 H
B _ = - - .

We now turn our attention to generate a new quantum systeimgtals “seed”
the already analytically solved quantum problem. The ntbtlie use, the ex-
tended transformation (ET) [3], rests on a coordinate foansation followed

by a functional transformation.

Applying the extended transformation method to Eq. (1),cwfdomprises of

r—gp(r) 9

and
Up(r)=fg' (r)®algn(r), (10)

where® 4 (r) is the eigenfunction of A-QS and is known, whebeg; (1) is the
eigenfunction of transformed quantum system, hencefatled B—quantum
system B-QS. Hereg;z(r) is the transformation function which is at least three
times differentiablefz () is a modulated amplitude which is non-singular func-
tion of r.
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Application of ET on the A-QS vyields

d d. fs'
(g m 1) (g 1 Q)

tanh(g(r))
cosh(g(r))))

d 2
Up"(r)+ (% nﬁ)\ﬁg'(r) +

‘I’B(T) =0. (11)

+ g5 (E;i‘ - v(qz tanh?r + ¢

The prime denotes the differentiation of the function witepect to the variable
T.

The dimension of the Euclidean spaces of the transformedtgomasystem,
henceforth called the B-quantum system (B-QS) can be chad®tmarily, let
it be denoted byD .

Then )
Dp—1
ilnf—B: B :iln pPe-1 (12)
dr  gp’ r dr

which fixesf5(r) as a function ofyz () and it derivative.
Integrating Eq. (12):

1 Dpg-1
fe(r)=Ngg?r—=z —2In N, (13)
whereN is the normalization constant.
Therefore, Egs. (10) and (13) lead to:
; —1 _Dp-—-1
Up(r)=gp >(r)r~ 2 ®a(gn(r)). (14)

The correspondind  dimensional Sclirdinger equation for B-QS witf =
2m = 1] can be written as:

W (14220 00+ omr) + g (B2 = Valon(r) | wa) =0,
(15)
where
9"0) 3 (9500}
tom =5 -3 (53 - (o)

is the Schwartzian derivative symbol .

In order to mold Eq. (15) to the standard equation form soraegible ansatz
have to be carried out, which are an integral part of the foamsation method.
The systermd has a two term potential, the working potential (WP) can be cho
senin2? —1, i.e. three different ways and the WP is designated§y (g5 (r)).

In our present case, we have considered

Vi (95 (r)) = vgs tanh? (g5 (1)) 17)
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To implement ET on the A-QS, the following ansatz is carriatl o

95" VI (95(r)) = —EE, (18)

whereED is the energy eigenvalue of B-QS.

g5 Bd = —VA®r), (19)
—g” [V(gs(r) — VI (gn(r))] = —VA(r), (20)
~5lom 7} = VAG). (21)

The functional form of the transformation functiogs () obtained from
Eq. (18) by simple integration is

gp(r) = arccostexp(n,r)), (22)
where )
B\ 3
B <E—) . (23)
Vq2

The transformation functiopg(r) has the desirable local propefy (0) = 0
by putting the integration constant equal to zero. Thisllpoaperty is desirable
from the point of view of normalizability of the wavefunctiof the generated

Qs.
Now Egs. (19) and (22) lead to

Ch

1 exp (—=2n,r)’ (24)

Va(r)

whereC?% is the characteristic constant of tfigsturmian quantum system-
dependent potential) denoted by B-SQS and is

CE=nk(-Ej). (25)

n

The characteristic consta@if, plays the same role onZe? in case of Coulomb
andmw? in case of H.O. system.

Egs. (20) and (22) yield
2
V2(r) = &) 26
5() exp(2n,r) — 1 (26)

and Egs. (21) and (22) yield
2 2 4 n 2
V3(r) = Tn 3 M exp(n.r) 27)

2(1 — exp(—2n,7)) 4 (exp(2n,r) —1)2 " 4
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The multiterm potential of the B-SQS which can be written as
Vi(r) = Va(r) + Vi (r) + V5(r) (28)
becomes
2
_ C% + n?" 7772&171
1 —exp (—2n,7) exp (2n,2) — 1

3 exp (4ar)
4 (exp (2nn1) — 1)2

VB (7")

2
"
+1 (29

The potential/s (1) is n-dependent. This special type of energy dependent po-
tential is equipped with only a single normalized eigerstdathe B-SQS com-
prises of a finite set of quantum systems. The B-SQS can besdedvto a
normal quantum system by a case specific regrouping technitpen we have
redefined the parameters of the A-QS preserving the typawstiint equations.
Considering the expression Eq. (23), the formi/gf(r) given by Eq. (29) sug-
gest that it can be made normaljif becomesi-independent. This is achieved
by intendingg, proportional to£2 and writing

qo = Sl(_Ef)a

whereS; is a scale factor. This makes — 7.

Therefore the normal physical non-sturmian form of the yeyeinerated B-EQS
potential comes out to be

exp(2nr) Q exp(4nr)
Vi(r) = P "R . (30
5(r) exp(2nr) — 1 exp(2nr) — 1 (exp(2nr) — 1)2 (30)
writing
2 2
P=ci+T.  Q=ifgv and R:%.

The quantized energy eigenvalues of the normal B-QS fron{Zx).come out
to be

2
EB=— [”— {’/—4(2A3—3A@+Q)+4\/4(@—A2)3 + (2A3—3A0 + Q)2

B 2*(0—A?) (31)

O/ —4(2A3 —3A0+Q)+4,/1(0—A2)3+ (2A3—3A0+ )2

=<
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where
) (ﬁflf
5 r2C 1 3 1\2 2
A_E(n—‘f_i)_i( 5) _ﬁ7 (32)
2 2
9248(n1+%) (10(”+§)2+%—%>%

A (G (O R 2

2
16(n+ 5)
2

w2(oes) (i -2) - ) 2

n 2 4nt

The energy eigenvalue spectrum is finite and the upper botititeajuantum
numbern is found as:

1
1 3
2 2
1(/(1 —EB 2 1/(1 —EB 1
Lol EEDN @] a1
2 4 n? nt 2\ 4 n? 2

The familiar Schddinger equation for normal form of B-QS f@r-dimensional
Euclidean space considering the natural uffits= 1 = 2m) comes out to be

Wi (r) + () 4 [EE ~ Ve(r)Us(r) =0, (35)

The corresponding quantized energy eigenfunction of tmmabB-QS follows
from Eq. (14) as

I I B € T e e
\IIB()NBl exp(2m")—1] [1+ p(2nr) 1}

ZBﬁﬁ»l

X [1 —i/exp(2nr) — 1} 4 P?'(I,BOHBﬁ) [ —iv/exp(2nr) — 1L (36)

where

Ba:—2)\f3+1:—[1+( ")—Q

4 n? 7 } %’ 37
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B S 1
: (E”)+@r. (38)

_ B _
Bﬁ_—2A2+1_—[Z+ i
and Np is the normalization constant of the generated B-QS.

The first type of transformation is termed as the first ordamgformation.
3 Normalizability of the Generated Quantum System

An important property of the transformation method is thn tvavefunctions
of the generated quantum systems are almost always noabigiz

The normalization constant is given by

1

—EB 2

Np = n .
<V{Vi(gp(r)) >

The expectation value of a potential of exactly solved quamnsystem (ESQS)
is always finite and so a part of it is also finite.

The A-QS eigenfunctiorP 4 (r) is the normalized wavefunction of a genuine
quantum mechanical system. Its existence also implieslthét) are also nor-
malizable forEZ +# 0, since the behaviour of the transformation functigy{r)

is smooth so far local and asymptotic behaviour are condeane it is three
times differentiable. The transformation method carriesr the normalizability
of the parent quantum system to the generated quantum system

4 Second Order Transformation

Application of extended transformation on the B-SQS Eq) (25 generate an-
other new sturmian quantum system denoted by C-SQS. Sir@€ PBetential
is multiterm potential, we have a number of choices to setexivorking poten-
tial. The working potential can be chosertih— 1, i.e. seven different ways to
generate C-QS. But we consider the single term only for saityl

We choose the following working potential:

V060 = ) ST )
The transformation functiop-(r) is obtained by integration and is
gc(r) = 3o (1 + exp(2ng, ). (40)
where AEC L
=245 @
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with the local propertyc(0) = 0.
The sturmian form of C-QS comes out as

_ 2 242 eXP(47I§n 7") 772%1157% eXp(377§n 7“)
Velr) = (€ =8 (g pur) + 17 T (exp(2nn 1) + 17

20 MEEN\ exp(2n&nT)
- (CBgn A ) exp (2n&n, 1) + 1

(42)

The potential can be converted to a normal one if we nfgke-independent as
seen from Eq. (41).

We set
=L =8, (—ES), (43)

where a scale factdf, is introduced.
The normal form of C-QS is found as

_p U)o epBer) o exp(pr)
e = A o TV T r e T Py
where
252

P =Ch -1, Qi =n"qv&,, R =Cp&+ nT and p=n¢.

The corresponding normalized energy eigenfunction of #ely constructed
C-QS is found from Eq. (14) and is

2Ca+1

We(r) = N exp(—pr)(1 + exp(2pr)) 2 (1 + i exp(pr)) %4

2Cg+1

x (1 —iexp(pr)) —+ P [—i exp(pr)],
where
Co=-25 41,  Cs=-2\§+1
and )
1 1[1 C%& iQ.]*?
)\C:_ I Zc _ =1 45
' 2+2{4+p2 pz]’ (43)
1
1 11 C% Q]2
N =42 |2+ 4= . 46
Fogts i S5 9
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The quantized energy eigenvalues of C-QS are found as

po_ 3p°CE  3pt
" 4 w 4w

1 Sk
Bl G- R ] e

wherew = C%&2.

The quantized energy eigenvalues spectrum is finite andpperiound of the
guantum number is given by

11 e |1
L (i N
+ <4+p2> S (49

5 Conclusion

We have generated a class of exactly solved quantum systemeni rela-
tivistic quantum mechanics using the extended transfoomdET) method in
any arbitrary number of spati@)-dimensional Euclidean space. The Extended
transformation method can be applied in principle to geleeirmumerable ex-
actly solved non relativistic QSs starting from exactlyved non power law
potentials. First order application of the ET to the poi@niq. (2) choosing
vgo tanh? (g (r)) as working potential (WP) leads to the B-EQS

Vi (r) = P exp (2nr) Q R oD (4r)

exp (2nr) — 1 exp (2n,2) — 1 (exp (2nr) — 1)*

In case of non-power law potential the transformed quantystes is always
sturmian, the transformation function is non factorizalnhdike the power law
type potential.

The second order application of the ET method to the B-QS when
3 5 exp(4nge (r))

W ) = 2
Vo loe ()= =g [exp (2ngc (r)) = 1J°

is taken as the working potential produces another new gxsmived quantum
system, denoted by C-EQS whose normal form is given by

L expldpn) exp (3pr) exp (2pr)
VC(T)_Pl(l—FeXp(Qp?“))Z Y1+ exp (201)) B ep )
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The terqulM
cosh (r)

grationr, is a complicated functiog is found which cannot be inverteg; is

a function ofr. Although we can generate different QSs by choosing differe

terms of the multiterm potential as the WP, out of there onécelsarevert back

the generated QS to the parent QS. But the the important fwimbte is that

to generate C-QS starting from A-QS we have to pass throu@tSBExtended

transformation therefore does not form a transformationigin the usual sense.

cannot be used as working potential because after inte-
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