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Fictitious Roots in the Dispersion Relation
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Abstract. For application of magnetohydrodynamics (MHD) in solar physics
as well as in plasma physics, dispersion relation plays key role. For a common
set of equations, some authors have derived the dispersion relation as a sixth
degree polynomial in w, whereas the others have derived a fifth degree poly-
nomial. Both groups are claiming that their dispersion relation is correct and

consequently their results for the fast and slow mode waves are correct.

We have shown that for the same set of equations, one can have a fifth degree,
sixth degree or even seventh degree polynomial, depending on the way used in
solving the set of equations. For these polynomials however the five roots are
found to be common and they are the actual roots giving the same results for the
fast and slow mode waves. Other roots (one for the sixth degree polynomial and
two for the seventh degree polynomial) are fictitious. It explicitly shows that
the results for the fast and slow mode waves do not depend on the degree of the

polynomial for the dispersion relation.

PACS number: 94.30.cq

1 Introduction

For application of magnetohydrodynamics (MHD) in solar physics as well as in
plasma physics, the set of basic equations under investigation can be expressed

as [1-5]
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Figure 1. The applied magnetic field is along z-axis whereas the propagation vector &
lies in the z—z plane.

These are, respectively, the equation of continuity, equation of momentum, in-
duction equation, energy equation and the equation of state. Here, p, k g, mp, ¥,
p, B, v, T and II are the total mass density, Boltzmann constant, proton mass,
velocity, total pressure, magnetic field, ratio of two specific heats, the tempera-

ture and viscous stress tensor [6]. The quantities Q, Qvis and Qg are [1-5].

Qn = K| (%)271717

Quis = %(vw?,

Qrad = nenHQ(T)7

where x| represents the conductivity along the magnetic field and is expressed
by ) & 1076T°/2. Quis is the volumetric heating rate due to viscosity; Q1 is
the volumetric heating rate due to electron thermal conduction; @ rag Stands for

the radiative loss rate per unit volume. More precisely, Qvis = —Il, g (8&)
s

as expressed by Braginskii [6]. In equation (3), the term nV 2B is not accounted
for, as the value of the magnetic Raynold number is quite large for (R ,,, ~ 10%)
the region considered. For small perturbations from the equilibrium, we have

p=po+p1, U=, B = By + By,
p=po+p, T=To+T1, =1l +1,
where the equilibrium part is denoted by the subscript ‘0’ and the perturbation

part by the subscript *1’. For the magnetic field taken along the z-axis, (i.e.,
By = ByZ) and the propagation vector k = k& + k 2, as shown in Figure 1.

The equations (1)—(5) can be linearized in the following form:

o B
§+po(vv1):o, ©)
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v 1 .
po k= i+ —(V x By) x By — V- 1l, @)
ot 47
OB, R
T;ZVX(Ul x By), (8)
apl - 2 _
v +po(V - 01) + (v — Dy kzT1 = 0, )
T
BByt (10)
po  po  To

For the perturbations that are proportional to exp[z’(E~ 7 — wt)], equations (6)—
(10) reduce to the following equations:

wp1 — po(kzviz + kav1.) =0, (11)

B
WPVl — kwpl - 4_72(ka12 - szlz)

n %(kim — Okykovr,) = 0, 12)
By
wpoU1y + E(szly) =0, (13)
wWpoV1z — kzpl + %(Z’Ufgvlz - 2kzkzv1:c) =0, (14)
wB1y + k;Bovig = 0, (15)
wBly + szovly =0, (16)
WBlz - ka:BOUII = 07 (17)
iwp1 — ipoc> (kevie + kov1z) — (7 — 1)/@Hk§T1 =0, (18)
T
L ) (19)
po  po To

Equations (13) and (16) for the variables v, and B, are decoupled from the
rest and describe the Alfvén waves. The rest of the equations for p1, p1, T1,
By, Bi., v1, and vy, describe the damped magnetoacoustic waves. Now, on
substituting By, and B;. from equations (15) and (17) in equations (12) and
(14), we get

) 21 kiok.
(WQPO + %kﬁ - Uipok2)v1z - %vu — kywpr =0 (20)
and 2inok,k 47
% Vig — (wpo + %kg)vu +k.p1 = 0. (21)

When we eliminate p; and T3 from equations (11), (18) and (19), we get

(copoks —ipoc2kaw)vis + (copok. — ipocik.w)vi. — (cow—iw?)p1 = 0, (22)

50



S. Chandra, G.M. Dak, M. Sharma

where co = (v — 1)k k2Ty /po; ¢ = vpo/po; and v4 = B3 /4w p,. Equations
(20)—(22) now form the set of basic equations to be solved. Up to this stage,
all the group agree. For deriving various degrees of polynomial for dispersion
relation, they have used different paths for solving the set of equations (20)-(22).

2 Dispersion Relations

The dispersion relations obtained from equations depend on the procedure for
solving this set of equations. For convenience, let us express equations (20)—
(22) as

a11v1z + a12v1, + a1zpr = 0, (23)
211z + a22V1; + a23p1 = 0, (24)
a31V1g + a3201, + azzpr = 0, (25)

where the coefficients a;; are

W
ail = (w2p0 + ﬂki — vipOkQ);

3
%
a12 = — il kyk.;
3
a13 = —k;zw
27
a21 = %kmkz;
41
ag2 = —wpo — =n k2
3
az3 =k,

. 2 .
as1 = coPokz — ipocskzw;

. 2 .
az2 = copok; — ipocsk w;

asg = iw? — cow

2.1 First Elimination of p;

Let us first eliminate p; from equations (23)—(25). On eliminating p, from equa-
tions (23) and (24), we get

(a11a23 - Cl21a13)U1m + (Cl126l23 - Cl226l13)111z =0. (26)
On eliminating p; from equations (23) and (25), we get

(a11a33 — az1a13)v1 + (@12a33 — agaa13)v1, = 0. 7
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On eliminating p; from equations (24) and (25), we get
(a21a33 - a31a23)U1m + (Cl226l33 - Cl326l23)111z =0. (28)

With the help of equations (26) and (27), we get a sixth degree polynomial where
w can be taken out and cancelled. Thus, we have

w4+ iAw? — Bw® —iCw? + Dw +iE =0, (29)
where

A=co+ ;—O(ki + 4k2),

£0o
B =0 k2 4+ 4k?) + (2 + 03K,
3po
3 k2 dngv? k2 k>
O =20 c2y2p2  QOPOF 20 0p2 y ZIOVATE
0 Po 3po
3 k2k2 4 2k2K2
D— Cop07720 2z 4 ToCoVAR: + 02 2k2k?,
o 3po
B v4 copok? k> .
Po

This dispersion relation is the same as obtained by Kumar et al. [2] and Chandra
& Kumthekar [3]. Now, with the help of equations (27) and (28), we get a
seventh degree polynomial, where w can be taken out and cancelled. Thus, we
have

(w +ico) (WP +iAw* — Bw® —iCw? + Dw +iE) = 0. (30)

This dispersion relation is the same as obtained by Dwivedi & Pandey [1] and
Pandey & Dwivedi [4]. With the help of equations (26) and (28), we again get
the dispersion relation (29).

2.2 First Elimination of vy,

The polynomials obtained in this section have been discussed by Chandra et al.
[7]. On eliminating v1,, from equations (23) and (24), we get

(a12a21 — azza11)vi, + (a13a21 — azzain)pr = 0. (31)
On eliminating v1,, from equations (23) and (25), we get

(a12a31 - a32a11)vlz + (a13a31 - a33a11)p1 =0. (32)
On eliminating v1, from equations (24) and (25), we get

(a22a31 — asz2a21)v1 + (azzasz1 — aszzaz;)p1 = 0. (33)
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With the help of equations (31) and (32), we get

. kl2
(w2 + “;)Owa - vik2) (w® +iAw* — Bw?® —iCw? + Dw +iE) = 0. (34)
0

It is a seventh degree polynomial. With the help of equations (31) and (33), we
get the dispersion relation (29). With the help of equations (32) and (33), we get

(w—!—%)( ® 4 iAw* — Bw® —iCw? + Dw +iE) = 0. (35)

This is again a sixth degree polynomial. However, different from the equation
(30).

2.3 First Elimination of v,
On eliminating vy, from equations (23) and (24), we get

(a11a22 — az1a12)viy + (a13a22 — azzaiz)pr = 0. (36)
On eliminating vy, from equations (23) and (25), we get

(a11a32 - a31a12)U1m + (a13a32 - Cl336ll2)p1 =0. (37)
On eliminating v, from equations (24) and (25), we get

(a21a32 - a31a22)U1m + (a23a32 - a33022)p1 =0. (38)
With the help of equations (36) and (37), we get a sixth degree polynomial where

w can be taken out and cancelled. Thus, we get equation (29). With the help of
equations (36) and (38), we get

4
(w + %kg)(ws +iAw* — Bw® —iCw? + Dw +iFE) = 0. (39)
0

This is again a sixth degree polynomial. However, different from the equation
(30) as well as (34). With the help of equations (37) and (38), we get

(w—!—%)( > +jAw? — Bw?® —iCw? + Dw +iE) = 0. (40)
This is again a sixth degree polynomial. However, different from the equation

(30) and (39).
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3 Results and Discussion

We have shown that depending on the method used in solving the equations
(23)-(25), we can get fifth degree polynomial, different sixth degree polyno-
mials and different seventh degree polynomials. It is interesting to note that in
all polynomials, the equation (29) is common. Hence, the five roots of all the
polynomials are common. Other (sixth root for the sixth degree polynomial,
and sixth and seventh roots for the seventh degree polynomial) depend on the
method used in solving the equations (23)—(25). Hence, except the five roots,
the others are inconsistent. Therefore, these other roots are fictitious. This state-
ment can also be corroborated from the following fact. The equations (23)—(25)
for a homogeneous set and therefore one should solve the determinant

ail a2 ais
a1 agz azz| = 0.
asy as2 ass

Solution of this determinant obviously gives equation (29).

In the present investigation, we have derived the seventh degree polynomials
as well. So far only the fifth and sixth degree polynomials have been derived.
Kumar et al. [2] derived the fifth degree polynomial and claimed that since the
degree of the polynomial derived by Dwivedi & Pandey [1] is sixth, hence their
results are erroneous. As Dwivedi & Pandey [1] did not make calculations, it was
not possible to compare the results. Chandra and Kumthekar [3] also found that
the dispersion relation should be a fifth degree polynomial. Pandey & Dwivedi
[4,5] advocated that the dispersion relation must be a sixth degree polynomial
and therefore the work of Chandra and Kumthekar [3] also is wrong.

The roots of the fifth degree polynomial (29) are: —ic 1, £ag; — iqa,; *asz; —
i, satisfying the relations
a1y + 200, + 203, = A
agﬂ- + agr + a%i + a%r + 201,00, + 201,03, + dagraz, = B
Q1,05; + a1,03, + dagrazeaz, + 20503,
+ QQ%TCkgT + 2agra§i + 2a§ragr + agialr + agrah =C
203;01,03, + O3, 1,03, + O3, 01,03, + 05,03, + a3,03,
+a3,03; +aj.a3, = D
Q105,03; + Q1,05,03; + 1,03,03, + a1,03,.03, = E
For the given value of parameters, ng = 10'° cm™=3, By = 100 G, Tp = 2 x

10% K, 8 = 45°, the values of oy, asi, aar, as; and as, as a function of the
wave number & are given in Table 1. Finally, it can be concluded that there are
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Table 1. Values of Parameters

log k a1r a2; [e%78 Qaz; Q3r

em™! 51 51 51 51 51

—10.0 4.099 x 1076 1.654 x 1073 1.472 x 1075 2.188 x 1072 3.548 x 1078
—9.8 1.030 x 107° 2.621 x 1072 3.697 x 107% 3.467 x 1072 8.912 x 108
— 96 2.586 x 107° 4.154 x 1072 9.286 x 107°% 5.495 x 1072 2.239 x 10”7
—94 6.497 x 1075 6.583 x 1072 2.332 x 107° 8.709 x 1072 5.623 x 10”7
—92 1.632x107*% 1.043x 1072 5.858 x 107° 1.380 x 10™! 1.412 x 107
—9.0 4.101 x107* 1.653 x 1072 1.471 x 107* 2.188 x 10~! 3.548 x 10~
—88 1.031 x 1073 2.619 x 1072 3.692 x 10™% 3.467 x 10~! 8.912 x 10~
—86 2593 x 1073 4.147 x 1072 9.255 x 10™% 5.495 x 107! 2.238 x 107°
— 8.4 6.536 x 1072 6.559 x 1072 2.313 x 1072 8.709 x 107! 5.623 x 10~°

—82 1.657x 1072 1.034 x 107! 5.733 x 10~ 1.380 1.412 x 10~*
—8.0 4.260 x 1072 1.616 x 10°' 1.391 x 102 2.188 3.547 x 1074
—7.8 1.132x 107r 2479 x 107! 3.183 x 1072 3.467 8.907 x 1074
— 76 3.209 x 107! 3.677 x 107! 6.173 x 1072 5.495 2.236 x 1073
—7.4 9336 x 107! 5.415 x 107" 9.133 x 10~2 8.709 5.604 x 1073
—7.2 2554 8.246 x 1071 1.248 x 10~% 13.80 1.401 x 1072
—7.0 6.655 1.283 1.948 x 10~ 21.87 3.480 x 1072

fictitious roots; one in the sixth degree polynomial and two in the seventh degree
polynomial. Since the complex roots for all the polynomials are the same, the
results for the fast and slow magnetoacoustic waves do not depend on the degree
of the polynomial.

Acknowledgments

We are thankful to the DST, New Delhi; the ISRO, Bangalore and the UGC,
New Delhi for financial support in the form of research projects. A part of this
work was done during the visit to the IUCAA, Pune. Financial support from the
IUCAA, Pune is thankfully acknowledged.

References

[1] B.N. Dwivedi and V.S. Pandey (2003) So;. Phys. 216 59.

[2] N. Kumar, P. Kumar, and S. Singh (2006) Astron. Astrophys. 453, 1067.
[3] S. Chandra and B.K. Kumthekar (2007) arXiv:0706.1121.

[4] V.S. Pandey and B.N. Dwivedi (2007) Bull. Astron. Soc. India 35 465.
[5] V.S. Pandey and B.N. Dwivedi (2007) arXiv:astro-ph/07090040.

[6] S.I. Braginskii (1965) Rev. Plasma Phys. 1 205.

[7]1 S.Chandra, G.M. Dak, and M. Sharma (2009) Bulg. J. Phys. 36 294.

55





