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Abstract. Using the periodical structure of the resonance cross sections a new 
procedure for calculation of the average group constants in the unresolved res­
onance region has been realized. It has been tested on common results of the 
R-matrix theory of the nuclear reactions. The results for self-shielding factors 
and average cross sections of 239 Pu are presented. 

1. Introduction 

The modelling of resonance cross sections in the unresolved resonance region is applied 
to evaluate the self-shielding effects for neutron transport problems. The investigations 
of neutron transmission (exp(-na)) and self-indication cross sections (ac exp(-na)), 
averaged over the resonances in the limited energy interval in dependence of filter 
thickness (n) are the simplest case of these problems [1, 2]. 

The most convenient approach for modelling of the fine resonance structure especially 
for fissile nuclei appears to be the R-matrix themy of Wigner with a limited set of real 
and energy independent resonance parameters [3, 4]. The approximate R-matrix formula 
with excluded radiative channels (Reich-Moore approximation) [5] is used here and the 
reduced R-matrix has the fom1: 

(1) 

The sununation over >. includes the E,>--levels for a given system pr, the radiation 
widths r 7 are supposed to be the same for all >., the energy dependence of neutron 
width f.>-n is well known through the penetration factors. The energy dependence of the 
widths of other channels (the fission ones rv) is neglected as usual. 
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8 N. Koyumdgieva 

The reduced collision S-matrix, expressed through R-matrix is 

S/;(E) = e-icp,. [ 
1 - ~R] e-i<pc . 
1 + iR nc 

(2) 

Here <pc( J1r) are the potential scattering phases. In practical applications the rank of 
the S-matrix is equal to hvo or three for a given resonance system J'lr. This corresponds 
to one open neutron channel and one or two open fission channels for fissile nuclei. 

The S-matrix elements define the COtTesponding cross sections 

a1 = 27fk- 2g(J)[l - Re SnnJ, ac = 47rk- 2g(J)ISncl 2
, 

a1 = 41fk- 2g(J) ( 1-ISnnl2 
- L ISncl 2

) . 
(3) 

C#n 

The Inst expression for the radiative capture cross section is derived from the unitary 
of the nonreduced collision matrix [6]. The modelling of the resonance cross section 
structure depends obviously on the choice of the corresponding model of the R-matrix 
resonance dependence. In the unresolved region only the average resonance parameters 

(the strength functions Sc= ~~, c = n, f, 1) can be defined and the general laws for 

the statistical distributions of the resonance parameters relatively to their average values 
are known [3, 6]. 

The random character of the R-matrix resonance parameters distributions leads to 
the idea of modellig of the resonant structure in the unresolved resonance region by 
using the Monte Carlo method [7]. We have used such an approach for calculation 
of the group constants (average cross sections, self-shielding factors and their Doppler 
extensions) in previous works [2, 8, 9]. The main problem of this procedure is connected 
with a huge calculation time to obtain results with enough good statistics (especially 
for a high energy group). In this paper a new faster procedure for calculation of the 
reactor group constants is described by using a periodical structure of the resonance 
cross sections. 

2. The Periodical Structure of the R-matrix 

Let us write the R-matrix elements in the form: 

R ;-°'"""' {3 >.nf3 >..c 
nc = y SnSc L_, ( ) . . 

.A 7r c.A - c - iy 
(4) 

H E.>- E 7rf I r.i fif-,AC D . h . ere c.>- = -, c = -, y = --, /J.Ac = ~, 1s t e average resonance spacmg 
D D 2D re 

for a system J'lr. In the statistical approach to the R-matrix modelling the quantities f3.>-c 
are supposed to obey the Gauss distribution and c.A - the Wigner distribution [3, 6]. 

The application of such R-matrix model meets the problem of the restriction of 
>.. resonance levels in Eq. (1). Usually the number of .A-levels is detennined by the 
averaging interval [E , E + E], in which the cross section f1mctional is investigated. The 
problem of accounting the .A-levels influence, which are out of this interval, is of great 
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interest. The nonentry dependent background in the R-matrix Eq. (4) can be effectively 
accounted by the c01Tesponding re- defination of the potential scatte1ing phase <pn for 
[6]. The resonant terms outside this interval are proposed to be accounted under the 
assumption of periodical repetition of the resonances E>. with certain periodicity ND 
(respectively N for c) . In this assumption the resonance parameters are defined as 
periodical quantities; €>.+N = €>. + N, t:>.+2N = t:>. + 2N, ... , /3>.+N = /3>., /3>.+2N = 
/3>., ... [10, 11]. Then if we propagate the value interval of .A in Eq. (4) from -oo to 
+oo we can write 

N k=+oo l 

Rnc(t:) = ../SnSc L f3>.nf3>.c L ( kN) . 
>.=1 k=- oo 7r €>. - € + " - iy 

1 --~ n(t:>. - t:) - iy 
= N../SnSc~f3>.nf3>.cCOg N . 

>.=l 

(5) 

In the above presentation the R-matrix elements appear as periodical functions with 
a period 0 S t: S N and respectively the S-matrix elements, the cross sections a and 
their physical functionals F[a(t:)] become periodically quantities 

N 

(F[a(t:)]) = ~ j dc:F[a(t:)]. (6) 

0 

Here the bar indicates an average over the resonance parameters distributions (the 
ensemble average). 

The correctness of the above described approach depends obviously on the number of 
.A-levels in R-matrix Eq. (5), respectively to the length of the averaging interval [O, N] 
in Eq. (6). 

3. Numerical Procedure for Statistical Calculations 

The S-matrix Eq. (2) is a statistical matrix [12]. We take the quantities f3>. and t:>. in 
the R-matrix as statistical variables, which follow the appropriate statistical laws [2, 8, 
9, 11]. Choose t:1 = 0 and draw N spacing Zi, which are distributed according to the 
Winners law, we generate a sequence oft:>. levels (c>. = t:>._ 1 + Zi). A resonance ladder 
with a length of N resonances is generated. The spectrum oft:>. (.A = 1, ... , N) is 
nonnalized in the interval [O , N]. For each compound nucleus level t:>. and each open 
channel c the nonnally distributed quantities f3>.c with zero mean and unit variance 
(Gauss distribution) have been generated. The sets of /3>.c are normalized in the interval 
[O, N] too. Then the R-matrix elements are calculated at each of the equidistant points 
€i (c1 = 0, €i = Ei-1 + 6.t: , t:N+1 = N) at the same sets of resonance parameters €>. 
and f3>.c (.A= 1, ... , N + 1). Because of the periodical structure of the R- matrix and 
respectively the cross sections resonance structure, it is obvious that a(t: = 0) = a(t: = 
N). 

Some tests of the periodical model of the resonant structure have been done on the 
base of common results of the R-matrix theory [3, 6] 
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j -iRnn ) 
\ 1 - iRnn - 1 + 7f Sn 

1fSn 
(Rnn) = 1fSn; (7) 

Calculations have been done for 239Pu in the energy interval (275.36-454) eV. The 
values of the strength functions have been taken from [8]. The results of the tests are 
presented in Table 1 versus N and c: as relative errors. 

Table 1. Tests of the periodical model of resonance cross sections structure for 239 Pu, Ul = (Rnn), 

U2 = (ciRr.,.), U3 = ( -if!;;,n ), N is the length of the period, D.c: - the step for numerical 
1 - i m.n 

integration. The results are presented as relative errors (in 3) to the exact values of Ul, U2, U3 

!:i.c= 0.1 !:i.E: = 0.05 
N pr 

Ul U2 U3 Ul U2 U3 

50 1+ . 2.1 -1.4 0.20 4.4 -0.6 0.09 
o+ -9.11 -8.3 0.23 -1.7 -3.3 0.10 

100 1+ -0.60 -1.9 0.10 0.5 - 0.43 0.05 
o+ -7.44 -4.6 0.12 -2.6 -3.00 0.06 

200 1+ 0.22 -1.9 0.05 1.04 0.06 0.09 
o+ -0.88 -2.5 0.05 -0.75 0.24 0.02 

4. Averaged Group Constants for 239Pu 

The average group constants for 239Pu in the energy range (275.36-454) eV have been 
calculated and the values of the strength functions Sn,J,, are taken from [8]. We calculate 
the average cross sections (at), (af), (an), (ac), the self-shielding factors ft, ff, fn, Jc 
and their Dopler extension for different temperatures T = 300 K, 900 K, 2100 K and 
dilute cross section ~o = 1, 10, 100, 1000 barn. The aim of the calculations is to 
compare the method of the pe1iodical structure of neutron cross sections structure with 
other existing methods for calculation of the resonant cross sections structure [ 14]. 

The Dopler broading of the resonances is taken into account by convolution of 
I - 1 ( C/ - C) 2 

the cross sections values with the function f(c, c) - fib. - 6.2 , where 

27fl*. . (v'275.36+v'454.0)
2 

6. = 1s the Dopler width, where E = . The self-
N D 2 

shielding factors for partial cross sections ax are defined as 

/ ax(T) ) 

f x(ao, T) = \ at(T) + ~o 
(ax(T)) ( at(T) + ao) 

(8) 

The interference of the resonances of the two independent systems of the compound 
nucleus of 239Pu must be accounted for in calculation of the averaged values of the cross 
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Table 2. Self-shielding factors an 
454.0) eV are compared with thos 
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O"o fc 

Ref. [8] MNK this work 
10° 0.31 -5.5 3.2 

±0.93 ±2.4 
101 0.39 -4.7 5.0 

±0.83 ±2.1 
102 0.66 -2.4 2.8 

±0.53 ±1.4 
103 0.92 -0.5 -1.0 

±0.23 ±0.4 

(o-c), barn 
9.38 9.43 9.31 

±1.0 

Table 3. The Dopler broading factor 
taken from Ref. [ J 4]) 

O"o 
!:i.1c L'l.2c 

MNK MNK 
100 0.085 0.103 0.085 0.090 101 0.094 0. 108 0.085 0.085 102 0.089 0.085 0.063 0.053 103 0.029 O.D25 0.016 0.013 

The number of .A-levels in Eq. 
from the optimization condition fi 
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sections moments. This effect is accounted for by adding an energy independent group 
cross section O'r for the system pr to the total cross section ar((J71)' =I (J1l')) [15]. An 
appropriate method for a choice of ifr has been suggested [10] and the moments are 
calculated as 

\at :x ao) . = \ ap + ao :X~rl + a.,-i) + \ ap + ao : :r2 + O'r1 ) 

\at~ ao) ~ 1 
- \ ap + ao :r~rl + ar2) - \ ap + ao ::r2 + O'r1) 

(9) 

where ar1 and a,.2 are the resonance cross sections of the systems J1l' = o+, 1 + and 
O'r1 and O'r2 are their average group values. The Dopler extensions of the self-shielding 
factors are: 6..1 = f x(900 K) - fx(300 K) , 6..2 = f x(2100 K) - f x(900 K). 

The results for average cross sections and self-shielding factors are presented in 
Table 2 in comparison with those from [13] and the Dopler extension of the self­
shielding factors are presented in Table 3. 

Table 2. Self-shielding factors and average cross-sections for 239 Pu in energy interval (275.36-
454.0) eV are compared with those from Ref. [8] (as relative errors in %) for T = 300 K. The 
results obtained with the code MNK (also as relative errors) are taken from Ref. [14] 

fc ff f n 
ao 

Ref. [8] MNK this work Ref. [8] MNK this work Ref. [8] MNK this work 

10° 0.31 -5.5 3.2 0.49 -2.7 -5.6 0.81 0.2 0.4 
±0.9% ±2.4 ±1.2 ±2.6 ±0.6 ±1.6 

101 0.39 -4.7 5.0 0.56 -1:7 -1.7 0.82 1.4 -0.7 
±0.8% ±2.1 ±1.1 ±2.3 ±0.6 ±1.5 

102 0.66 -2.4 2.8 0.73 0.4 -0.9 0.89 0.3 -0.2 
±0.5% ±1.4 ±0.6 ±1.3 ±0.4 ±1.0 

103 0.92 -0.5 -1.0 0.95 0.0 -0.9 0.97 0.1 -0.5 
±0.2% ±0.4 ±0.2 ±0.3 ±0.2 ±0.3 

(ac}, barn (aj}, barn (an), barn 

9.38 9.43 9.31 9.57 9.75 9.32 13.30 12.90 13.26 
±1.0 ±1.5 ±0.8 

Table 3. The Dopler broading factors in comparison with those, calculated with MNK. (Data are 
taken from Ref. [14]) 

t:l.1c t:l.2c 6.if t:l.2f t:l.1n t:l.2n 
ao 

MNK MNK MNK MNK MNK MNK 
100 0.085 0.103 0.085 0.090 0.054 0.082 0.059 0.067 0.017 0.025 0.018 0.022 
101 0.094 0.108 0.085 0.085 0.056 0.079 0.055 0.061 0.019 0.025 0.019 0.021 
102 0.089 0.085 0.063 0.053 0.047 0.050 0.036 0.031 0.021 0.023 0.017 0.016 
103 0.029 0.025 0.016 0.013 0.014 0.012 0.009 0.007 0.009 0.008 0.005 0.004 

The number of .A-levels in Eq. (5) and the integration step ~c have been obtained 
from the optimization condition for calculations of average quantities in Eq. (7) and 
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also from the computing time and those that have been found N = 200 and !:J.c = 0.1. 
The error from the Monte Carlo procedure is less than 1 3 for 50 samples. The use of a 
smaller integration step does not affect the average values of cross sections functionals 
(e.g. the change in values of the self-shielding factors is less than 0.1 3 for !:J.c = 0.1 
and !:J.c = 0.05) and also the fact that for N = 100 and N = 290 there are not big 
differences (::; 0.1 %) for the functionals of interest confinn the choice of the scheme. 

5. Summary 

Multilevel interference analysis with Monte Carlo calculations should be used for the 
modelling of the energy structure of the neutron cross sections of fissile nuclei in the 
region of unresolved resonances. Such a scheme was realized in the code MNK [16]. 
A grid of E;.. resonances (usually 10 resonances) is generated, which sweeps the total 
energy averaging interval to describe the resonance structure for one sample. For fissile 
nuclei (high density of resonance levels) and for the high energy groups it is a long (in 
time) procedure. In the suggested scheme the grid of the resonance levels is generated 
only once for one statistical sample. This fact, combined with the absence of energy 
dependence of the variables of the R-matrix aJlows an equal time for calculation of the 
group constants for energy groups with different lengths. The main advantage of the 
suggested scheme is a possibility to reach good statistics for a short time. 
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