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Abstract. Concise methods are used to compute the propagator for a non-
relativistic particle subject to a potential with 2% and 1/2> terms.
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Time-development is a — if not the — central issue in quantum mechanics. The
abundance of papers on the propagator for the harmonic oscillator [1] bears wit-
ness to this fact, especially in pedagogical journals [2-7]. Here is yet another
paper on this subject, hopefully more concise than the average and at least as
useful for purposes of pedagogy. The present paper differs from most of those
just cited in that it does not use the path integral formulation of quantum me-
chanics, nor does it use explicit properties of the energy eigenfunctions for the
oscillator. The essential ingredient used here is an algebraic identity for the spe-
cial linear group in two dimensions, SL (2,C). While some of the pedagogical
papers cited also use algebraic methods, in particular raising and lowering oper-
ators for the oscillator [4,6,7], none exploits Lie group methods so succinctly as
the analysis to follow.!

Consider the following identity for elements of the group SL (2, C) that is rel-
evant for this problem. The identity can be realized in terms of canonical op-
erators x and p for the quantum oscillator. So expressed, the operator identity
is [9]

o0 (= 5 (5 (7 + 32) + 3 )

= exp ( - % z? tan(wt/Z)) exp ( - QTrjwh <p2 + %) sin(wt))
exp ( - % 22 tan(wt/?)) , (D

where as usual, i, m, A\, & w are constants, and ¢ is the time. This identity
follows from the elementary commutation relations that provide a realization of
the Lie algebra sl (2,C),

IThat said, a paper using similar algebraic methods with comparable conciseness, albeit to solve
a different problem, is [8].
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A .

{zz,pz + 372} = 2ih (xp + px) , [xQ, Tp erx] = 4ih (x2) ,
2
o L @
p°+ —5.xp+pr|=—4ih|p + 5|,

T T
which in turn follow from [z, p] = ih. Upon differentiating both left- and right-
hand sides with respect to the time, with the obvious initial condition at £ = 0,

the identity (1) can be confirmed by re-ordering the various operator expressions
through the use of the commutators (2) in conjunction with the expansion

=1
G -G _ E
n=1 n-fold commutation with G

This straightforward but tedious method to establish (1) is left as an exercise for
the conscientious reader.

But perhaps the easiest way to check the identity (1) is to use a fundamental
faithful representation of the sl (2, C) algebra (2) as 2 x 2 traceless matrices. In
the oscillator context, such a representation is given by

9 02h 9 A 00 —2ih 0
:c—>(00 , p+ﬁ—> 2h0 ) Tp + pr — 0 2ih . @

Hence the above group elements are realized as the 2 x 2 matrices.

exp(—iax?) — (MSd —2;504) )

o)
e (-0 )~ (501)

as well as

exp(—iax?) exp ( —1f3 (p2 + %)) exp (—iamz)

1 — 4aBR? —4iah (1 — 2a5h2)
- < “2ifh 1- dapi? , ©

where o = 7;—;: tan(wt/2) and 8 = sin(wt). The last of these group

elements is exactly the same as

(L (o A L
exp h om p xz 2mwx

it (00\ it (02
7P\ T \eno ) ™ oo
_ ( cos (wt)  —imwsin (wt)> )

——Lsin(wt)  cos(wt)

1
2mwh
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thereby establishing the identity (1). Note that there is no dependence on A when
using this realization of the group elements as 2 x 2 matrices [10].

With the identity (1) in hand, the propagator for the Hamiltonian
1 A 1
_ = (2N 122
H(\w) 5 <p + x2) + 5w T 8)

immediately reduces to the propagator for the same Hamiltonian shorn of the 22
term,

1 A
Ho(N)=— P+ 5 9
o) = 5 (4 55) ©
albeit with a simple re-parameterized time, ¢ — sin (wt)/w. That is to say, the
identity (1) gives a relation between localized matrix elements (1] - - - |x2) for

complete eigenstates of the operator , where (z1|x = x1 {(x1] and x |x3) =
T2 |x2), normalized such that [ |z1) (z1| daxq = 1. Namely,

(1] exp(—iH(\, w)t/h)|z2) = exp ( - %%% tan(wt/Q))
X (x1]exp ( —iHy(N) SiI;i;}t)>|x2> exp < - %x% tan(wt/?)). (10)

It only remains to compute the matrix element involving Hy.

The simplest case is A = 0 for which there is no 1/22 potential. In that case, the
problem reduces to the familiar free particle propagator, most easily evaluated
by inserting complete sets of momentum eigenfunctions, normalized such that
J Ip1) {p1| dp1 = 1. The transformation to position eigenstates is then given by
plane waves (x1|p1) = \/ﬁ exp (ip121/h), and hence

itp? 1 i itp?
(w1|exp ( - 2P )|172> = o % /dpl exp (ﬁ p1(z1 — z2) P )

2mh 27h "~ 2mh

_[m moo o
- 2mhte"p(2m($1 xz))' an

The final exponential involves the action for a classical path connecting x; and
o in time ¢, as is well-known.

Re-parameterizing to a periodic time variable, ¢ — sin(wt)/w, and combining
this last relation with (10) then gives immediately the expected result for the
harmonic oscillator [11].

(1] exp ( _ ij(ilg 1 mw2x2)>|x2> _ W
h\2m 2 2mihsin(wt)

X exp ( _ e 7 tan (w—t) + _tme (z1 — 29)? — e 3 tan (w—t))
2n 1 2 2h sin(wt) 2n 2 2

mw 1mw

~\ 2rihsin(wt) P ( 2h

(z2 + 23) cot(wt) — x1m2>, (12)

imw
hsin(wt)
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where cot (20) = —tan (0) + 1/ sin (20) was used in the last step. Once again,
the final exponential involves the action for a classical path connecting x; and
o in time ¢, as is well-known.

The situation with A # 0 is more challenging, in part because of singular behav-
ior if the potential is too attractive when A < 0, as will become apparent in the
final result for the propagator to be given below. For this and other reasons, it is
convenient to define

A=1n*(n®—1/4), (13)

where n is a positive, dimensionless number. Clearly, for A > 0,i.e. n > 1/2,
the potential is repulsive so that a classical particle would be confined to the
half-line with = > 0, and would only be allowed to have positive energy. This
is also true for the quantized system if A > 0, and this will be assumed to be
the case in the following. However, the final results will turn out to be valid for
A > —h?/4,ie.n>0.

The propagator for Hy with A > 0 can be obtained by a method similar to
the plane wave expansion used for A = 0, only now the relevant set of states
involves Bessel functions, .J,, (kx) [12]. This is true because v'kx.J,, (kx) are
energy eigenfunctions of Hy for all real k£ > 0. Explicitly [13],

h2 ( & "21/4> (\/ﬁ]n (kx)) - h;if Vkad, (k).  (14)

2m \  da? a2

Orthogonality and completeness of these eigenfunctions are now expressed as a
superfluous pair of equations

/Oo AV4 kll'Jn (klx) \V k2$Jn (kQZL’) dr =26 (kl — kz) s

0

/Oo vV kIljn (k’l‘l) vV ]CIQJn (kIQ) dk =90 (1’1 - 1’2) .
0

That is to say, for the system with a repulsive 1/z2 potential, the functions
VkxJ, (kx) play a role similar to the plane waves for the free particle.

s)

The propagator for Hy is therefore given by an integral involving Bessel function
bilinears, namely,

_ ihk2t

<x1|exp(fiHot/h)|9:2>:/m\/kxljn(kxl)e b Vkxody(kxa)dk . (16)
0

It so happens this integral reduces to a closed form in terms of another, modified
Bessel function, I, (e.g. see [14]).

o]
/ VEard (k) e~ Bt Sk, (ko) dk
0

_ m\/T1T2 In (m$1$2) exp <m (Z‘% + x%)) . (17)

iht iht 2ht
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Thus the result for Hy, at least when the potential is repulsive, is

. my\/T12 MIT1T
(1| exp(—iHot/h)|z) = 112 n( 1 2)

iﬂ 2 2) 1
iht iht eXp(%t(ler%) - (19
Combining this result with (10) then gives the propagator for
H (A, w)[\_p2(n2—1/4) UpoON re-parameterizing the time, ¢ — sin(wt)/w,
in agreement with long-known results (again see [14], as well as Section 3.3
in [15]).

(1] exp(—iHt/h)|zo) =

MwW\/T1T2 ( mwxi1xg )
n

ihsin(wt) ihsin(wt)
< e ( imw $2 tan (Wt> T Tmw (xz 4 (Ez) imwa tan (wt))
xp [ — —— = _ e . wt
P 2n 2 2hsin(wt) "t 2 on 2 2
_ Mwy/T17 ( MWIT1T2 ) (imw 9 2\ cot(wt ) 19
ihsin(wt) n ihsin(wt) 2% (z7 + x3) cot(wt) ), (19)
where cot (20) = — tan (0) + 1/ sin (20) was once again used in the last step.

It is perhaps reassuring that for short times, and both x1, z2 > 0,

. m 'Lm 2
(x1]exp (—iHt/h) |x2) o \/ Dy exp <2ht (21 — x29) ) (20)

as follows from the asymptotic behavior of I,,. Consequently,

%LH% (x1|exp (—iHt/h) |x2) = 0 (1 — x2) .

Even more so, it is straightforward to check that

h? 0?2  n?-1/4 miw?a?
— + +
2m

faiﬁ 2 = > (1] exp (—iHt/h) |z2)

= zh% (z1]| exp (—tHt/R) |z2) (21)

upon using (19) for (z1|exp (—iHt/h) |x2). These properties guarantee the
time evolution of a wave function v (z,t) defined on the half-line is correctly

given by 1 (21, 1) :/ (21| exp (—iHE/R) |22) 0 (22, 0) da [16].
0
Appendix: Other Identities

There are many other SL (2, C) “roads” that lead to a closed form expression for
the oscillator propagator (i.e. the “Rome” of this problem). Here we list a few
more of them involving the operators = and p with [z, p] = ih. For simplicity,
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we omit the \/ 2 potential, but the identities to follow are valid even with that
potential term upon substituting p* — p? + \/x2.

In addition to the identity in the main text, (1), there are many relations paired
by conjugation plus ¢ — —t. For example,

it 71 1
exp (~ 5 (57" + gme’s?))

= exp (—iax2) exp (—iy (xp + pz)) exp (—iﬁp2) (Ala)

with 27" = cos (wt), a= T;L—;) tan(wt), B = tan (wt);

2hmw

= exp (—iﬁpQ) exp (—iy (xp + pz)) exp (—iax2) (Alb)

with e 2" = cos (wt), o= n;—;_: tan (wt), B = i B (wt):
it 1 1
exp (= 5 (g2 + gme’s?))
= exp (—#7y (zp + px)) exp (—ia:ﬂ?) exp (—iﬁp2) (A2a)
1
with 27" = cos (wt), a= T;—;; sin (wt) cos (wt), f = ey (wt);
it 11 1
exp (= 5 (g2’ + gmes’))
= exp (—iﬁpQ) exp (—iamz) exp (—iy (xzp+pzx)) (A2b)
1
with e " = cos (wt), o= % sin (wt) cos (wt), B = 57— tan (wt);

i t t
with e®" = cos (wt), a= % tan (wt), B = W'
it 11 1
o (= (g + gmes?))

= exp (—ivy (zp + pz)) exp (—iﬁpQ) exp (—iam2) (A3b)

(o .
with e 2" = cos (wt), a= 2 tan (wt), B = sin (wt) cos (wi)

2h 2hmw
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These identities immediately lead to the propagator (12), or (19) after restoration
of the \/z? term, upon taking into account the effects of exp (—ivy (zp + px))
to rescale position eigenstates. Namely,

etc.

exp (=i (zp +px)) |r2) = exp (hy) |2 exp (2h7)) (A4)
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