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Abstract. The realization of anomalously rod-shaped nuclei has been
a long-standing objective of nuclear structure physics. In this contri-
bution, the linear-chain structure with a rod shape in carbon isotopes is
discussed within the framework of cranking covariant density functional
theory. In particular, the effects of spin and isospin, and their interplay
are discussed in details.
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1 Introduction

Strong nuclear deformations provide us an excellent framework to investigate
the fundamental properties of quantum many-body systems. The strong defor-
mation in heavy nuclei with width-to-length ratios of 1:2 or 1:3 has been iden-
tified by the observed superdeformed [1, 2] and hyperdeformed bands [3–5]. In
light nuclei, more exotic linear-chain structure with a rod shape might exist in
nuclei due to the appearance of the α cluster structure.

The linear-chain structure of three α clusters was suggested in 12C about 60
years ago [6] for the structure of the Hoyle state (the second 0+ state with ex-
citation energy Ex = 7.65 MeV). Although later investigation indicates that
Hoyle state was a gas-like state with strong mixing of the linear chain and other
configurations [7] and recently reinterpreted as an α-condensate-like state [8,9],
the linear-chain cluster state still attracts great attentions from nuclear physi-
cists. Various theoretical and experimental studies of linear-chain states have
been carried out in not only 12C [10–14], but also other N = Z nuclei, such as
16O [15–17], 24Mg [18–21], etc.

Due to the antisymmetrization effects and the weak-coupling nature, the linear-
chain configuration with a rod shape is difficult to be stabilized against bending
motion. To stabilize this exotic configuration, some extra mechanisms have been
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introduced. One possible mechanisms is increasing isospin by adding valence
neutrons. In particular, if the so-called σ orbital is occupied by neutrons, an
elongated shape for the core would be favored to lower the energy of the valence
neutrons [22]. Another possible one is increasing spin by rotating the nucleus
rapidly, because the linear-chain configuration with a large moment of inertia
could be energetically favoured with a high spin [23].

For the theoretical analyses of the linear-chain structure, most of them are per-
formed by using the conventional cluster model [24]. Recently, the cranking
covariant density functional theory (CDFT) has also been used to investigate the
linear-chain structures in carbon isotopes [10, 11]. The effects of extreme spin
and isospin were simultaneously discussed for the first time in a self-consistent
and microscopic way. By adding valence neutrons and rotating the system, the σ
orbitals of the valence neutrons were lowered by the rotation [10]. With adopt-
ing the technology of solving Dirac equation in three-dimensional (3D) lattice
space [25], the linear-chain structure with a high spin was found to be stabilized
against bending motion [11].

In this contribution, the cranking CDFT investigations for the linear-chain struc-
tures in carbon isotopes are presented and the effects of valence neutrons and
rotation are discussed in details.

2 Results and Discussions

In Figure 1, the single-neutron levels in the rotating frame together with their oc-
cupation are shown for the nucleus 15C with a linear-chain configuration, where
the equation of motion is solved in a 3D Cartesian harmonic oscillator basis;
see Ref. [10] for details. The Nilsson quantum numbers Ω[NnzΛ] in Figure 1
give the maximal component of each level, and solid and dashed lines denote the
positive and negative parities, respectively. It should note that the densities of
the levels with small Λ values are close to the symmetry axis, while those with
large Λ values are away from the symmetry axis.

As shown in Figure 1, the valence neutrons occupy the levels with Λ = 1 at
the rotational frequency ~ω = 0, which contributes an oblate distribution. With
the increase of ~ω, the 1/2[330] orbital drops rapidly and starts to be occupied
after the level crossing near ~ω = 1.75 MeV. Such an orbital is the so-called
σ orbital, and would contribute a prolate distribution to the neutron density. As
discussed in Ref. [10], this indicates the spin and isospin effects, which enhance
the stability of the rod-shaped configuration.

For the stability of linear-chain structure against bending motion, the 3D lattice
solution of the cranking CDFT is adopted. Starting from a twisted three α initial
[see the initial state in Figure 2], the self-consistent cranking CDFT calculations
at various rotational frequencies ~ω are performed for the nucleus 12C. The nu-
merical details for the calculations can be found in Ref. [11]. Figure 2 shows the
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Figure 1. Neutron single-particle energies (in rotating frame) as functions of the rotational
frequency for 15C. The open and solid circles denote, respectively, the occupied orbitals
before and after the level crossing near ~ω = 1.75 MeV. Taken from Ref. [10].

evolution of the coefficient of the rotational energy ~2/2=rigid, where the mo-
ment of inertia is evaluated by the rigid body formula =rigid = mN 〈x2 + z2〉.
As discussed in Ref. [11], the final states are classified into three groups ac-
cording to the final values of ~2/2=rigid: (a) ground state for ~ω = 0.5, 1.0
and 1.5 MeV, (b) linear-chain states for ~ω = 2.0 to 3.5 MeV, and (c) fission for
~ω = 4.0 MeV. At rotational frequencies ~ω = 0.5, 1.0 and 1.5 MeV, the linear-
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Figure 2. Coefficient of the rotational energy, ~2/2=rigid, calculated by cranking CDFT
in 3D lattice space for the nucleus 12C as a function of iteration numbers at rotational
frequencies ~ω = 0.5, 1.0, ..., 4.0 MeV. The insert density distributions correspond to
the the initial state, ground state, linear-chain state, and fission. Taken from Ref. [11].
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chain state is not stable against the bending motion, and finally it turns into the
ground state. With the increasing rotational frequency (2.0 to 3.5 MeV), the
strong centrifugal force stabilizes linear-chain states against the bending mo-
tion. In particular, because the 3D lattice cranking CDFT calculations do not
have any symmetry restriction, the obtained linear chain solution corresponds to
a minimum in the energy surface with respect to bending motion. This shows
that rotation can stabilize the linear-chain structure. The fission occurs when the
rotational frequency approaches ∼4.0 MeV.

In Figure 3, the angular momenta for the linear-chain states of 12C are shown as
a function of rotational frequency ~ω. For a comparison, the results of the H.O.
basis expansion method [10] are also presented, where the reflection symmetry is
imposed. As seen in Figure. 3, except at ~ω = 3.5 MeV, the angular momentum
almost increases with ~ω linearly, which reveals that the moments of inertia =
are nearly constant below ~ω = 3.0 MeV. Up to ~ω=3.0 MeV, the results of
3D lattice and H.O. basis calculations are almost identical. For the deviation
at ~ω=3.5 MeV, it may be attributed to the smaller model space adopted in the
H.O. basis calculations compared to the 3D lattice calculations. Ignoring results
at ~ω = 3.5 MeV, the moments of inertia = can be obtained as 2.87 (MeV)−1~2
and 2.81 (MeV)−1~2 for 3D lattice and H.O. basis calculations, respectively. As
mentioned in Ref. [11], this demonstrates that the results of 3D lattice and H.O.
basis calculations are consistent with each other.
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Figure 3. Angular momentum for the linear-chain states of 12C as a function of rotational
frequency ~ω. The solid lines denote the results of 3D lattice calculations. The dashed
lines show the results of harmonic oscillator (H.O.) basis expansion method with 12 major
shells [10]. Taken from Ref. [11].

3 Conclusion

In summary, the exotic linear-chain structure with a rod shape in carbon isotopes
is discussed within the framework of the cranking covariant density functional
theory, where H.O. basis and 3D lattice calculations are adopted. With adding
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valence neutrons and rotating the system, the σ orbitals of the valence neutrons
in 15C are lowered by the rotation. Starting from a twisted three α initial con-
figuration, the linear-chain structures in 12C can be stabilized against bending
motion when the rotational frequency is in the interval 2 MeV< ~ω < 3.5 MeV.
In particular, the results of 3D lattice and H.O. basis calculations are consistent
with each other.

Finally, it is worthwhile to mention that the microscopic dynamics of the linear-
chain cluster states have also been discussed recently by the newly developed
time-dependent covariant density functional theory in 3D lattice space [26].
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