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Abstract. We consider a non-standard generalized model of gravity coupled to
a neutral scalar “inflaton” as well as to the fields of the electroweak bosonic sec-
tor. The essential new ingredient is employing two alternative non-Riemannian
space-time volume-forms (non-Riemannian volume elements, or covariant in-
tegration measure densitities) independent of the space-time metric. The latter
are defined in terms of auxiliary antisymmentric tensor gauge fields, which al-
though not introducing any additional propagating degrees of freedom, trigger
a series of important features such as: (i) appearance of two infinitely large flat
regions of the effective “inflaton” potential in the corresponding Einstein frame
with vastly different scales corresponding to the “early” and “late” epochs of
Universe’s evolution; (ii) dynamical generation of Higgs-like spontaneous sym-
metry breaking effective potential for the SU(2)×U(1) iso-doublet electroweak
scalar in the “late” universe, whereas it remains massless in the “early” universe.
Next, to stabilize the quintessential dynamics, we introduce in addition a cou-
pling of the “inflaton” to Gauss-Bonnet gravitational term. The latter leads to
the following radical change of the form of the total effective “inflaton” poten-
tial: its flat regions are now converted into a local maximum corresponding to
a “hill-top” inflation in the “early” universe with no spontaneous breakdown of
electroweak gauge symmetry and, correspondigly, into a local minimum corre-
sponding to the “late” universe evolution with a very small value of the dark
energy and with operating Higgs mechanism.
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1 Introduction

The interplay between the cosmological dynamics and the evolution of the sym-
metry breaking patterns along the history of the Universe is one of the most im-
portant paradigms at the interface of particle physics and cosmology [1]. Specifi-
cally, for the present epoch’s phase of slowly accelerating Universe (dark energy
domination) see [2] and for a recent general account, see [3].

Within this context, some of the main issues we will be addressing in the present
contribution are:

(i) The existence of “early” Universe inflationary phase with unbroken
electro-weak symmetry;

(ii) The “quintessential” evolution towards “late” Universe epoch with a dy-
namically induced Higgs mechanism;

(iii) Stability of the “late” Universe with spontaneous electro-weak break-
down and with a very small vacuum energy density via dynamically generated
cosmological constant.

Study of issues (i) and (ii) has already been initiated in Refs. [4,5]. Our approach
is based on the powerful formalism of non-Riemannian volume-forms on the
pertinent spacetime manifold [6–9] (for further developments, see Refs. [10]).
Non-Riemannian spacetime volume-forms or, equivalently, alternative gener-
ally covariant integration measure densities are defined in terms of auxiliary
maximal-rank antisymmetric tensor gauge fields (“measure gauge fields”) unlike
the standard Riemannian integration measure density given given in terms of the
square root of the determinant of the spacetime metric. These non-Riemannian-
measure-modified gravity-matter models are also called “two-measure”, or more
appropriately – “multi-measure gravity theories”.

The method of non-Riemannian spacetime volume-forms has profound impact
in any (field theory) models with general coordinate reparametrization invari-
ance, such as general relativity and its extensions [6–14], strings and (higher-
dimensional) membranes [15], and supergravity [16], with the following main
features:

• Cosmological constant and other dimensionful constants are dynamically
generated as arbitrary integration constants in the solution of the equations
of motion for the auxiliary “measure” gauge fields.
• An important characteristic feature is the global Weyl-scale invariance [7]

of the starting Lagrangians actions of the underlying generalized multi-
measure gravity-matter models (for a similar recent approach , see also
[17]). Global Weyl-scale symmetry is responsible for the absence of a
“fifth force” [9]. It undergoes spontaneous breaking due to the appearance
of the above mentioned dynamically generated dimensionfull intergation
constants.

153



E. Guendelman, E. Nissimov, S. Pacheva

• Applying the canonical Hamiltonian formalism for Dirac-constrained sys-
tems shows that the auxiliary “measure” gauge fields are in fact almost
“pure gauge”, which do not correspond to propagating field degrees of
freedom. The only remnant of the latter are the above mentioned arbi-
trary integration constants, which are identified with the conserved Dirac-
constrained canonical momenta conjugated to certain components of the
“measure” gauge fields [13, 14].
• Applying the non-Riemannian volume-form formalism to minimalN = 1

supergravity we arrive at a novel mechanism for the supersymmetric
Brout-Englert-Higgs effect, namely, the appearance of a dynamically gen-
erated cosmological constant triggers spontaneous supersymmetry break-
ing and mass generation for the gravitino [16]. Applying the same non-
Riemannian volume-form formalism to anti-de Sitter supergravity pro-
duces simultaneously a very large physical gravitino mass and a very small
positive observable cosmological constant [16] in accordance with mod-
ern cosmological scenarios for slowly expanding universe of the present
epoch [2].
• Employing two different non-Riemannian volume-forms in generalized

gravity-matter models thanks to the appearance of several arbitrary inte-
gration constants through the equations of motion w.r.t. the “measure”
gauge fields, we obtain a remarkable effective scalar field potential with
two infinitely large flat regions [12, 13] – (−) flat region for large neg-
ative values and (+) flat region for large positive values of the scalar
“inflaton” with vastly different energy scales – appropriate for a unified
description of both the “early” and “late” Universe evolution. An in-
triguing feature is the existence of a stable initial phase of non-singular
universe creation preceding the inflationary phase – stable “emergent uni-
verse” without “Big-Bang” [12].

In Section 2 below we describe the construction of a non-standard generalized
model of gravity coupled to a neutral scalar “inflaton”, as well as to the fields
of the electroweak bosonic sector, employing the formalism of non-Riemannian
space-time volume forms. A crucial feature of the corresponding total effective
scalar field potential with the two infinitely large flat regions is that in the (−)
flat region (“early” Universe) the Higgs-like scalar of the electro-weak sector
remains massless (no Higgs mechanism), whereas in the (+) flat region (“late”
Universe) a Higgs-like effective potential is dynamically generated triggering
the standard electro-weak symmetry breaking.

A slightly different version of the formalism of Section 2 is briefly discussed in
Appendix A – it is inspired by Bekenstein’s idea about gravity-assisted sponta-
neous electro-weak symmetry breakdown [18].

Next, in Section 3 we turn to the study of the stability issue (iii) formulated
above. Namely, it is desirable that the “late” Universe epoch, instead of the
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infinitely large (+) flat region, would be described in terms of a stable minimum
of the effective “inflaton” potential. To this end we will introduce an additional
linear coupling of the “inflaton” to Gauss-Bonnet gravitational term.

The Gauss-Bonnet scalar density is a specific example of gravitational terms
containing higher-order powers in the curvature invariants, which appear nat-
urally as renormalization counterterms in quantized general relativity [19], as
well as in the context of string theory [20].

Recently, within the standard Einstein general relativistic setting the role of
Gauss-Bonnet-“inflaton” couplings with various types of functional dependence
on the “inflaton” field has been extensively discussed in the cosmological con-
text [21].

Previously, in [22] some of us have studied a simplified generalized gravity-
scalar-field model based on a single non-Riemannian volume element with a
linear “inflaton”-Gauss-Bonnet coupling. In the absence of Gauss-Bonnet cou-
pling the effective “inflaton” potential possesses in this case only one infinitely
long flat region with a very small height of the order of the vacuum energy den-
sity in the “late” Universe. In the presence of the Gauss-Bonnet coupling, which
modifies the “inflaton” effective potential, one finds the appearance of a local
minimum on top of the aforementioned flat region of the “inflaton” potential
signalling stabilization of the “late” Universe evolution with very small effective
cosmological constant.

Here we will extend the work in [22] by showing that the linear “inflaton”-
Gauss-Bonnet coupling has a dramatic effect on the form of the total effective
“inflaton” potential in the above mentioned quintessence model based on gen-
eralized multi-measure gravity-matter theories [12, 13] in the presence of the
electro-weak bosonic sector [4, 5]:

(a) Its (−) flat region is now converted into a local maximum corresponding
to a “hill-top” inflation in the “early” universe a’la Hawking-Hertog mechanism
[23] with no spontaneous breakdown of electroweak gauge symmetry;

(b) Its (+) flat region is converted into a local stable minimum correspond-
ing to the “late” universe evolution with a very small value of the dark energy
and with operating standard Higgs mechanism.

In Appendix B we discuss a slightly different version of the formalism in Section
3, where we will add a linear “inflaton”-Gauss-Bonnet coupling already to the
initial action of the globally Weyl-scale invariant multi-measure quintessence
model – this is unlike the formalism of Section 3, where the linear “inflaton”-
Gauss-Bonnet coupling term is added to the corresponding Einstein-frame ac-
tion. Although within the formalism of Appendix B the linear “inflaton”-Gauss-
Bonnet coupling does preserve the initial global Weyl-scale invariance, it ex-
hibits a disadventage after the passage to the physical Einstein-frame since a
combinantion involving one of the auxiliary “measure” gauge fields intended to
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remain “pure gauge” appears now as an additional propagating field-theoretic
degree of freedom.

2 Quintessence from Flat Regions of the Effective Inflaton
Potential

Let us consider, following [4, 12], a multi-measure gravity-matter theory con-
structed in terms of two different non-Riemannian volume-forms (volume ele-
ments), where gravity couples to a neutral scalar “inflaton” and the bosonic sec-
tor of the standard electro-weak model (using units where GNewton = 1/16π)

S =

∫
d4xΦ(A)

[
gµνRµν(Γ) + L1(ϕ,X) + L2(σ,Xσ;ϕ)

]
+

∫
d4xΦ(B)

[
U(ϕ) + L3(A,B) +

Φ(H)√
−g

]
. (1)

Here the following notations are used:

• Φ(A) and Φ(B) are two independent non-Riemannian volume elements:

Φ(A) =
1

3!
εµνκλ∂µAνκλ , Φ(B) =

1

3!
εµνκλ∂µBνκλ , (2)

• Φ(H) = 1
3!ε

µνκλ∂µHνκλ is the dual field-strength of an additional auxil-
iary tensor gauge field Hνκλ crucial for the consistency of (1).
• We are using Palatini formalism for the Einstein-Hilbert action: the scalar

curvature is given byR = gµνRµν(Γ), where the metric gµν and the affine
connection Γλµν are a priori independent.
• The “inflaton” Lagrangian terms are as follows:

L1(ϕ,X) = X − V1(ϕ) , X ≡ −1

2
gµν∂µϕ∂νϕ , (3)

V1(ϕ) = f1 exp{αϕ} , U(ϕ) = f2 exp{2αϕ} , (4)

where α, f1, f2 are dimensionful positive parameters.
• σ ≡ (σa) is a complex SU(2) × U(1) iso-doublet scalar field with the

isospinor index a = +, 0 indicating the corresponding U(1) charge. Its
Lagrangian reads

L2(σ,Xσ;ϕ) = Xσ−V0(σ)eαϕ , Xσ ≡ −gµν
(
∇µσa)∗∇νσa , (5)

where the “bare” σ-field potential is of the same form as the standard
Higgs potential

V0(σ) =
λ

4

(
(σa)∗σa − µ2

)2
. (6)

In Appendix A below we will choose a different (simpler) version of
V0(σ) (70).
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• The gauge-covariant derivative acting on σ reads

∇µσ =
(
∂µ −

i

2
τAAAµ −

i

2
Bµ
)
σ , (7)

with 1
2τA (τA – Pauli matrices, A = 1, 2, 3) indicating the SU(2) genera-

tors and AAµ (A = 1, 2, 3) and Bµ denoting the corresponding SU(2) and
U(1) gauge fields.
• The gauge field kinetic terms in (1) are (all indices A,B,C = (1, 2, 3)):

L3(A,B) = − 1

4g2
F 2(A)− 1

4g′ 2
F 2(B) , (8)

F 2(A) ≡ FAµν(A)FAκλ(A)gµκgνλ , F 2(B) ≡ Fµν(B)Fκλ(B)gµκgνλ , (9)

FAµν(A)=∂µAAν − ∂νAAµ +εABCABµACν , Fµν(B)=∂µBν − ∂νBµ . (10)

The form of the action (1) is fixed by the requirement of invariance under global
Weyl-scale transformations:

gµν → λgµν , Γµνλ → Γµνλ , ϕ→ ϕ− 1

α
lnλ (11)

Aµνκ → λAµνκ , Bµνκ → λ2Bµνκ , Hµνκ → Hµνκ ,

and the electro-weak fields remain inert under (11).

Equations of motion for the affine connection Γµνλ yield a solution for the latter
as a Levi-Civita connection

Γµνλ = Γµνλ(ḡ) =
1

2
ḡµκ (∂ν ḡλκ + ∂λḡνκ − ∂κḡνλ) , (12)

w.r.t. to the Weyl-conformally rescaled metric ḡµν

ḡµν = χ1gµν , χ1 ≡
Φ1(A)√
−g

. (13)

The metric ḡµν plays an important role as the “Einstein frame” metric (see (18)
below).

Variation of the action (1) w.r.t. auxiliary tensor gauge fields Aµνλ, Bµνλ and
Hµνλ yields the equations

∂µ

[
R+ L1(ϕ,X) + L2(σ,Xσ;ϕ)

]
= 0 , (14)

∂µ

[
U(ϕ) + L3(A,B) +

Φ(H)√
−g

]
= 0 , ∂µ

(Φ2(B)√
−g

)
= 0 , (15)

whose solutions read
Φ2(B)√
−g

≡ χ2 =const , R+ L1(ϕ,X) + L2(σ,Xσ;ϕ)=M1 =const ,

U(ϕ) + L3(A,B) +
Φ(H)√
−g

= −M2 = const . (16)
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Here M1 and M2 are arbitrary dimensionful and χ2 arbitrary dimensionless in-
tegration constants. We will take all M1,2, χ2 to be positive.

The first integration constant χ2 in (16) preserves global Weyl-scale invari-
ance (11) whereas the appearance of the second and third integration constants
M1, M2 signifies dynamical spontaneous breakdown of global Weyl-scale in-
variance under (11) due to the scale non-invariant solutions (second and third
ones) in (16).

It is important to elucidate the physical meaning of the three arbitrary inte-
gration constants M1, M2, χ2 from the point of view of the canonical Hamil-
tonian formalism. Namely, as shown in [4], the auxiliary maximal rank an-
tisymmetric tensor gauge fields Aµνλ, Bµνλ, Hµνλ entering the original non-
Riemannian volume-form action (1) do not correspond to additional propagat-
ing field-theoretic degrees of freedom. The integration constants M1, M2, χ2

are the only dynamical remnant of the latter and they are identified as conserved
Dirac-constrained canonical momenta conjugated to (certain components of)
Aµνλ, Bµνλ, Hµνλ.

Following [4, 12] we first find from (16) the expression for χ1 (13) as algebraic
function of the scalar matter fields

1

χ1
=

1

2χ2

V1(ϕ) + V0(σ)eαϕ +M1

U(ϕ) +M2
. (17)

Then we perform transition from the original metric gµν to ḡµν arriving at the
“Einstein-frame” formulation, where the gravity equations of motion are written
in the standard form of Einstein’s equations

Rµν(ḡ)− 1

2
ḡµνR(ḡ) =

1

2
T eff
µν (18)

originating from the Einstein-frame action

SEF =

∫
d4x
√
−ḡ
[
R(ḡ) + Leff

(
ϕ, X̄, σ, X̄σ,A,B

)]
, (19)

with the effective energy-momentum tensor T eff
µν given in terms of the Einstein-

frame matter Lagrangian Leff

Leff = X̄ + X̄σ − Ueff

(
ϕ, σ

)
− χ2

4g2
F̄ 2(A)− χ2

4g′ 2
F̄ 2(B) . (20)

Here bars indicate that the quantities are given in terms of the Einstein-frame
metric (13), e.g., X̄ ≡ − 1

2 ḡ
µν∂µϕ∂νϕ , X̄σ ≡ −ḡµν

(
∇µσa)∗∇νσa, etc, and

the total scalar field effective potential reads
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Ueff

(
ϕ, σ

)
=

(
V1(ϕ) + V0(σ)eαϕ +M1

)2

4χ2(U(ϕ) +M2)

=

(
M1e

−αϕ + f1 + λ
4

(
(σa)∗σa − µ2

)2)2

4χ2(M2e−2αϕ + f2)
(21)

(see Eq.(71) below for the Bekenstein-inspired form of V0(σ) (70)).

A remarkable feature of the effective scalar potential Ueff(ϕ, σ) (21) is that it
possesses two infinitely large flat regions describing the “early” and “late” Uni-
verse, respectively (see (26) and (28) below):

• (-) flat region – for large negative values of ϕ, where:

Ueff(ϕ, σ) ' U(−) ≡
M2

1

4χ2M2
. (22)

In this region the Higgs-like field σ remains massless and there is no spon-
taneous breakdown of electro-weak gauge symmetry.
• (+) flat region – for large positive values of ϕ, where

Ueff(ϕ, σ) ' U(+)(σ) =

(
λ
4

(
(σa)∗σa − µ2

)2
+ f1

)2

4χ2 f2
, (23)

which obviously yields as a lowest lying vacuum the Higgs one |σ| = µ
with a residual effective cosmological constant Λ(+):

2Λ(+) ≡ U(+)(µ) =
f2

1

4χ2f2
. (24)

For the Bekenstein-inspired form of U(+)(σ), see Eq.(73) below.

Choosing the scales of the original “inflaton” coupling constants f1,2 in terms of
fundamental physical constants as

f1 ∼M4
EW , f2 ∼M4

Pl , (25)

where MEW , MPl are the electroweak and Plank scales, respectively, we are
then naturally led to a very small vacuum energy density in the (+) flat re-
gion (24)

U(+)(µ) ∼M8
EW /M

4
Pl ∼ 10−122M4

Pl , (26)

which is the right order of magnitude for the present epoch’s (“late” Universe)
vacuum energy density as already realized in [24].

On the other hand, if we take the order of magnitude of the integration constants

M1 ∼M2 ∼ 10−8M4
Pl , (27)
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Figure 1. Qualitative shape of the effective “inflaton” potential Ueff (21) as function of ϕ
(for fixed σ) before inflaton coupling to Gauss-Bonnet term.

then the order of magnitude of the vacuum energy density in the (-) flat region
(22) becomes

U(−) ∼M2
1 /M2 ∼ 10−8M4

Pl , (28)

which conforms to the Planck Collaboration data [25] for the “early” Universe’s
energy scale of inflation being of order 10−2MPl.

Let us note the small “bump” on the l.h.s. of the graph (Figure 1) of Ueff (21) as
function of ϕ and where |σvac| = 0 – this is a local maximum located towards
the end of the (−) flat region at ϕ = ϕmax

e−αϕmax =
M1f2

M2f1(µ)
, f1(µ) ≡ f1 + λµ4/4 . (29)

We note that the relative height ∆U(−) of the above mentioned “bump” of the
inflaton potential (21) (at |σvac| = 0) w.r.t. the height of the (−) flat region (22)

∆U(−) ≡ Ueff(ϕmax, 0)− M2
1

4χ2M2
=
f2

1 (µ)

4χ2f2
(30)

is of the same order of magnitude as the small effective cosmological constant
(24) in the (+) flat region (“late” Universe) (recall f1 ∼MEW , µ ∼MEW and
the bare Higgs-like dimensionless self-coupling λ being small).

On the other hand, the inflaton potential (21) at |σ| = |σvac| = µ does not
possess a strict minimum on the (+) flat region – the strict minimum occurs
formally at ϕ → +∞. In the next Section we will see how adding a coupling

160



Quintessence Stabilized by Gauss-Bonnet/Inflaton Coupling

of the inflaton to a gravitational Gauss-Bonnet density will convert the infinitely
large (+) flat region of the effective inflaton potential into a region with a stable
minimum. Simultaneously, the infinitely large (−) flat region of the effective
inflaton potential with the small “bump” at its end (29)-(30) will be converted
into a region with well-peaked maximum and sharper decent for large negative
inflaton values (see Figure 3 below).

3 Adding Gauss-Bonnet/Inflaton Coupling

Let us now supplement the Einstein-frame action (19) with a linear coupling of
the “inflaton” to gravitational Gauss-Bonnet term RGB with a (positive) cou-
pling constant b

SEF =

∫
d4x
√
−ḡ
[
R(ḡ) + X̄ + X̄σ − Ueff

(
ϕ, σ

)
− χ2

4g2
F̄ 2(A)− χ2

4g′ 2
F̄ 2(B)− b ϕ R̄GB

]
, (31)

with Ueff

(
ϕ, σ

)
as in (21), and

R̄GB = R̄µνκλR̄
µνκλ − 4R̄µνR̄

µν + R̄2 , (32)

where all objects with superimposed bars are defined w.r.t. second-order formal-
ism with the Einstein-frame metric ḡµν .

Here we will be interested in “vacuum” solutions, i.e., for constant values of the
matter fields. The corresponding equations of motion for constant ϕ and σ read

R̄µν −
1

2
ḡµνR̄ = −1

2
ḡµνUeff(ϕ, σ) , (33)

note that the Gauss-Bonnet coupling does not contribute to the vacuum energy
density on the r.h.s. of (33)

∂

∂ϕ
Ueff(ϕ, σ) + bRGB = 0 , (34)

∂

∂σa
Ueff(ϕ, σ) = 0 −→ ∂

∂σa
V0(σ) = 0

−→ (σa)∗
(
(σa′)

∗σa′ − µ2
)

= 0 −→ |σvac| = µ or |σvac| = 0 . (35)

For constant ϕ and σ the solution to (33) is maximally symmetric

R̄µνκλ =
1

6
Ueff(ϕ, σ)

(
ḡµκḡνλ − ḡµλḡνκ

)
, (36)

which yields for the Gauss-Bonnet term (32)

RGB =
2

3

(
Ueff(ϕ, σ)

)2

. (37)
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Inserting (37) into ϕ-“vacuum” equation (34), we get

∂

∂ϕ
Ueff(ϕ, σvac) +

2b

3

(
Ueff(ϕ, σvac)

)2

= 0 , (38)

with σvac as in (35). Eq.(38) implies that in fact the total effective inflaton po-
tential after introducing Gauss-Bonnet/inflaton linear coupling is modified from
Ueff(ϕ, σvac) (21) to the following one:

Vtotal(ϕ, σvac) = Ueff(ϕ, σvac) +
2b

3

∫ ϕ

dφ
(
Ueff(φ, σvac)

)2

, (39)

Eq.(38) upon inserting the explicit expression (21) acquires the form

∂

∂ϕ
Vtotal(ϕ, σvac) =

bM4
1

(
e−αϕ + f̃1/M1

)
24χ2

2M
2
2

(
e−2αϕ + f2/M2

) F (e−αϕ) = 0 , (40)

f̃1 ≡ f1 +
λ

4
(|σvac|2 − µ2)2 =

{
f1 for |σvac| = µ

f(µ) ≡ f1 + λ
4µ

4 for σvac = 0
(41)

where the “vacuum” solutions z ≡ e−αϕvac must be real positive roots of the
following cubic polynomial:

F (z) ≡ z3 +
3f̃1

M1

(
1+

4αχ2M2

bM2
1

)
z2− 3f̃2

1

M2
1

(4αχ2f2

b f̃2
1

−1
)
z+

f̃3
1

M3
1

= 0 . (42)

Existence of two different positive roots of F (z) (42) – z0(b) ≡ e−αϕ0(b)

corresponding to a minimum of Vtotal(ϕ, σvac) (39), and z1(b) ≡ e−αϕ1(b)

corresponding to a maximum of Vtotal(ϕ, σvac), where the dependence on the
inflaton-Gauss-Bonnet coupling constant b is explicitly indicated (cf. Figure 2
and Eqs.(49)-(51) below) – imposes the following upper limit for the parametric
dependence of ϕ0,1(b) on b:

b < bmax ≡
12αχ2M2Q

M2
1 [2Q3 + 3Q2 − 3Q− 2 + 2(Q2 +Q+ 1)3/2]

,

Q ≡ M2f̃
2
1

M2
1 f2

.

(43)

The extremums z0,1(b) ≡ exp{−αϕ0,1(b)} of Vtotal(ϕ, σvac) (39) are given
explicitly (for 0 ≤ b < bmax (43)) as

z0,1(b) =
√
A
[
cos
(1

3
arctan

√
A3/B2 − 1

)
∓
√

3 sin
(1

3
arctan

√
A3/B2 − 1

)]
− f̃1

M1

(
1 +

4αχ2M2

bM2
1

)
, (44)
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Figure 2. Qualitative plot of the cubic polynomial F (z) (42).

where the quantities A and B are expressed in terms of the parameters as

A ≡ f̃2
1

M2
1

ω
(
1 + 2Q+Q2ω

)
, ω ≡ 4αχ2f2

b f̃2
1

, Q as in (43) , (45)

B ≡ f̃3
1

M3
1

ω
[3
2

+
3

2
Q(ω + 1) + 3Q2ω +Q3ω2

]
. (46)

The condition (43) comes from the inequality A3/B2 − 1 > 0 in (44).

For b > bmax there are no real positive roots of F (z) (42), and in the limiting
case b = bmax the roots z0,1(bmax) ≡ exp{−αϕ0,1(bmax) coalesce and become
an inflex point of F (z) (42)

z0(bmax) = z1(bmax) ≡ z(bmax) , F ′
(
z(bmax)

)
= 0 , (47)

z(bmax) =
f̃1

M1

[√
(1 +Qωmax)2 + ωmax − 1− (1 +Qωmax)

]
, (48)

ωmax ≡
4αχ2f2

bmax f̃2
1

,

using the short-hand notations in (43), (45). In other words, for b ≥ bmax there
are no extremums of the total inflaton effective potential (39).

The second derivative w.r.t. ϕ of Vtotal(ϕ, σvac) (39) at the extremums z0,1(b) ≡
exp{−αϕ0,1(b)} reads

∂2

∂ϕ2
Vtotal(ϕ0,1, σvac) = −

b αz0,1(b)M4
1

(
z0,1(b) + f̃1/M1

)
24χ2

2M
2
2

(
z2

0,1(b) + f2/M2

)2 F ′
(
z0,1(b)

)
,

(49)
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Figure 3. Qualitative shape of the total effective “inflaton” potential Vtotal(ϕ, σvac) (39)
as function of ϕ after adding inflaton coupling to Gauss-Bonnet term.

F ′
(
z0,1(b)

)
= 3z2

0,1(b) +
6f̃1

M1

(
1 +

4αχ2M2

bM2
1

)
z0,1(b)− 3f̃2

1

M2
1

(4αχ2f2

b f̃2
1

− 1
)
,

(50)
where we have (see Figure 2)

F ′
(
z0(b)

)
< 0 , F ′

(
z1(b)

)
> 0 . (51)

Taking also into account that

∂2

∂σ2
Ueff(ϕ0(b), σvac = µ) > 0 ,

∂2

∂σ2
Ueff(ϕ1(b), σvac = 0) < 0 , (52)

we conclude that (see Figure 3)

• z0(b) ≡ e−αϕ0(b) (44) with σvac = µ (spontaneous breakdown of electro-
weak symmetry) is a local stable minimum of the total inflaton effective
potential (39). With the choice from Section 2 (f1 ∼ M4

EW , f2 ∼ M4
Pl,

M1,2 ∼ 10−8M4
Pl) we find (bmax as in (43), z(bmax) as in (48))

0 ≤ z0(b) ≡ e−αϕ0(b) < z(bmax) , (53)

where

z0(b) ≡ e−αϕ0(b) → 0 , i.e. ϕ0(b)→ +∞ for b→ 0 , (54)
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i.e., recovering the (+) flat region – r.h.s. of Figure 1, and

ϕ0(b)→ 1

α
log(z−1(bmax) for b→ bmax . (55)

• z1(b) ≡ e−αϕ1(b) (44) with σvac = 0 (no spontaneous breakdown of
electro-weak symmetry) is a local maximum of the total inflaton effective
potential (39). Also we find here (ϕmax as in (29))

z(bmax) < z1(b) ≡ e−αϕ1(b) ≤ e−αϕmax ≡ M1f2

M2f1(µ)
(56)

where

ϕ1(b)→ ϕmax ≡ −
1

α
log

M1f2

M2f1(µ)
for b→ 0 , (57)

i.e., recovering the (−) flat region – l.h.s. of Figure 1, and

ϕ1(b)→ 1

α
log(z−1(bmax) for b→ bmax . (58)

Let us also note the linear asymptotic behaviour of the total effective inflaton
potential (21) for very large positive and negative values of the inflaton as it
follows from (39) and (24)-(28):

Vtotal(ϕ, µ)→ U(+)(µ) + ϕ
2b

3

(
U(+)(µ)

)2
for ϕ→ +∞ , (59)

Vtotal(ϕ, 0)→ U(−) − |ϕ|
2b

3

(
U(−)

)2
for ϕ→ −∞ . (60)

4 Discussion

According to Eqs.(33), (21) the vacuum energy density at the stable minimum
of the total inflaton effective potential (39) at z0(b) ≡ e−αϕ0(b) (44):

Ueff(ϕ0(b), µ) =

(
f1(µ) +M1z0(b)

)2

4χ2

(
f2 +M2z2

0(b)
) (61)

is, according to (53)-(55) and (48), of the same order of magnitude as the height
(24) (vacuum energy density) of the (+) flat region of the inflaton potential
in the absence of Gauss-Bonnet coupling, i.e., it matches the vacuum energy
density of the “late” Universe. Now, however, due to the inflaton-Gauss-Bonnet
coupling we have a small effective inflaton mass-squared V ′′total(ϕ0(b), µ) (49)-
(51) (taking into account the orders of magnitude of f1,2 and M1,2).

According to the “hill-top” mechanism of Hawking-Hertog [23], the maximum
of the total effective inflaton potential (39) at z1(b) ≡ e−αϕ1(b) (44) can be
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associated with the start of inflation in the “early” Universe. One prerequisite
of the latter is smoothness of the maximum, i.e., −V ′′total(ϕ1(b), 0) (49)-(51)
should be small. The latter condition is consistent only for small inflaton-Gauss-
Bonnet coupling b � bmax, since the vacuum energy density at the maximum
z1(b) ≡ e−αϕ1(b) (44)

Ueff(ϕ1(b), 0) =

(
f1 +M1z1(b)

)2

4χ2

(
f2 +M2z2

1(b)
) (62)

sharply diminishes from U(−) (22) at b = 0 with b growing towards bmax and at
b' bmax, due to a coalescence of the minimum and the maximum z0(bmax) =
z1(bmax) (47)-(48), Ueff(ϕ1(bmax), 0) becomes of the same order of magnitude
as the vacuum energy density Ueff(ϕ0(bmax), µ) in the “late” Universe.

The next task will be analyzing the corresponding Friedman equations upon
FLRW (Friedman-Lemaitre-Robertson-Walker) reduction of the Einstein-frame
metric (ḡµνdxµdxν = −dt2 + a(t)d~x2, H ≡

.
a
a ; recall Newton constant GN =

1/16π). Ignoring for simplicity the electro-weak gauge bosons, the Friedman
equations read

H2 =
1

6
ρeff , ρeff ≡ ρ+ 24b

.
ϕ H3 , (63)

12

..
a

a
+ 3peff + ρeff = 0 , (64)

with

peff ≡ (1− 4b
.
ϕ H + 48b2H4)−1

×
[
p+ 32b

.
ϕ H3 + 8bH2 ∂Ueff

∂ϕ
− 96b2H6

]
, (65)

where the second Friedman Eq.(64) can be equivalently written as

4
d

dt

(
H − 2b

.
ϕ H2

)
+ ρ+ p+ 8b

.
ϕ H3 = 0 , (66)

and the “inflaton” equation of motion being

d

dt

( .
ϕ +8bH3

)
+ 3H

( .
ϕ +8bH3

)
+
∂Ueff

∂ϕ
= 0 , (67)

whereUeff is as in (21) and ρ and p are the ordinary Einstein-frame matter energy
density and pressure in the absence of inflaton-Gauss-Bonnet coupling.
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Appendix A

In a previous papers of ours [4] we implemented an intriguing idea of Beken-
stein [18] about a gravity-assisted spontaneous symmetry breaking of electro-
weak (Higgs) type without invoking unnatural (according to Bekenstein’s opin-
ion) ingredients like negative mass squared and a quartic self-interaction for the
Higgs field.

Instead of (1) (which appeared later in [5]) we first proposed in [4] the follow-
ing generalized gravity-matter action (with some minor updates in the notations
from (1)):

Ŝ =

∫
d4xΦ(A)

[
gµνRµν(Γ)− 2Λ0

Φ(A)√
−g

+X + f̂1e
αϕ + L̂2(σ,Xσ;ϕ)

]
+

∫
d4xΦ(B)

[
U(ϕ) + L3(A,B) +

Φ(H)√
−g

]
. (68)

where:

• Instead of L2(σ,Xσ;ϕ) (5) we have in (68):

L̂2(σ,Xσ;ϕ) = Xσ − V0(σ)eαϕ , Xσ ≡ −gµν
(
∇µσa)∗∇νσa , (69)

V0(σ) = m2
0 (σa)∗(σa) , (70)

where V0(σ) is the standard (bare) mass term for the Higgs-like field σ
and there is no (bare) quartic self-interaction for the latter.

• Here we have an additional term qudratic w.r.t. the first non-Riemannian
volume-form density Φ(A) (2) with a very small parameter Λ0 later to
be identified with the present (“late” Universe) epoch small observable
cosmological constant.

Following the same steps as in Section 2 we obtain Einstein-frame effective
action of the same form as (19)-(20), where now the effective scalar potential
reads

Ueff

(
ϕ, σ

)
=

(
M1e

−αϕ − f̂1 +m2
0 (σa)∗(σa)

)2

4χ2(M2e−2αϕ + f2)
+ 2Λ0 . (71)

It obviously possesses again two infinitely large flat regions, where:
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• The (−) flat region (for large negative values of ϕ) of (71) is almost the
same as in (22)

Ueff(ϕ, σ) ' U(−) ≡
M2

1

4χ2M2
+ 2Λ0 , (72)

therefore, here the Higgs-like field σ remains massless.
• In the (+) flat region (for large positive values of ϕ) of (71)

Ueff(ϕ, σ) ' U(+)(σ) =

(
−f̂1 +m2

0 (σa)∗(σa)
)2

4χ2 f2
+ 2Λ0 . (73)

Spontaneous electro-weak symmetry breaking occurs at the “vacuum”
value

|σvac| =
1

m0

√
f̂1 , (74)

where the parameters are naturally identified as

f̂1 ∼M4
EW , m0 ∼MEW (75)

in terms of the electro-weak energy scale. Thus, the residual cosmolog-
ical constant Λ0 has to be identified with the current epoch observable
cosmological constant (∼ 10−122M4

Pl) and, therefore, according to (72)
the integration constants M1,2 are naturally identified by orders of magni-
tude as in (28).
• Here the order of magnitude for f2 is determined from the mass term

of the Higgs-like field σ in the (+) flat region resulting from (73) upon
expansion around the Higgs vacuum (σ = σvac + σ̃)

f̂1m
2
0

χ2f2
(σ̃a)∗(σ̃a) , (76)

which implies that
f2 ∼ f̂1 ∼M4

EW (77)

in sharp distinction w.r.t. the order of magnitude of f2 in (25) obtained
within the formalism of Section 2.

The advantage of the formulation in this Appendix implementing Beken-
stein’s idea about gravity-assisted spontaneous electro-weak symmetry break-
down over the formulation in Section 2 of a slightly different mechanism for
gravity-assisted breaking versus restoration of electro-weak symmetry is that the
Einstein-frame effective action with the effective scalar potential (71) is renor-
malizable w.r.t. standard coupling-constant renormalization procedure unlike
the Einstein-frame action (19) with the effective scalar potential (21). On the
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other hand, the formulation in Section 2 has the advantage of yielding the value
(∼ 10−122M4

Pl) of the vacuum energy density of the current (“late”) Universe
directly in terms of the “inflaton” coupling constants f1,2 (24), whereas in the
Bekenstein-inspired formulation in this Appendix we had to introduce ad hoc
the “late” Universe vacuum energy density Λ0 as an independent free parameter.

Appendix B

Let us now consider briefly a slightly different version of the formalism in Sec-
tion 3 above. Namely, we can insist to incorporate the Gauss-Bonnet-”inflaton”
coupling already from the very beginning within the original generalized multi-
measure gravity-matter action (1), which will acquire the form

S̃ =

∫
d4xΦ(A)

[
gµνRµν(Γ) + L1(ϕ,X) + L2(σ,Xσ;ϕ)

]
+

∫
d4xΦ(B)

[
U(ϕ) + L3(A,B) +

Φ(H)√
−g

]
+

∫
d4x
√
−g ϕRGB . (78)

Here RGB is the standard Gauss-Bonnet scalar density in the second order for-
malism w.r.t. original metric gµν :

RGB = Rµνκλ(g)Rµνκλ(g)− 4Rµν(g)Rµν(g) +R2(g) . (79)

A motivation to start with the action (78) is that it satisfies the requirement
for global Weyl-scale invariance under (11), which was crucial in order to fix
uniquely the form of the initial multi-measure gravity-matter action (1).

Using the same steps as in Section 2 we arrive at the following Einstein-frame
action corresponding to (78):

S̃EF =

∫
d4x
√
−ḡ
[
R(ḡ) + X̄ + X̄σ

− 1

χ1

(
V1(ϕ) + V0(σ)eαϕ +M1

)
+
χ2

χ2
1

(
U(ϕ) +M2

)
− χ2

4g2
F̄ 2(A)− χ2

4g′ 2
F̄ 2(B)− bϕ

(
RGB

χ2
1

)
gµν=χ−1

1 ḡµν

]
, (80)

where the last term explicitly reads (cf. e.g. [26]; all objects on the r.h.s. are
defined in terms of the Einstein-frame metric (13))(RGB

χ2
1

)
gµν=χ−1

1 ḡµν
= R̄GB−2R̄µν

[
2∇̄µ∇̄ν lnχ1 +

(
∇̄µ lnχ1

)(
∇̄ν lnχ1

)]
+ 2R̄

(
�̄ lnχ1

)
+ 2
[(
�̄ lnχ1

)2 − (∇̄µ∇̄ν lnχ1

)(
∇̄µ∇̄ν lnχ1

)]
−
(
�̄ lnχ1

)
gµν
(
∇̄µ lnχ1

)(
∇̄ν lnχ1

)
− 2
(
∇̄µ∇̄ν lnχ1

)(
∇̄µ lnχ1

)(
∇̄ν lnχ1

)
, (81)

169



E. Guendelman, E. Nissimov, S. Pacheva

with R̄GB being the Einstein-frame Gauss-Bonnet density (32).

We now observe a substantial physical difference between the Einstein-frame
theories (31) and (80)-(81). In the latter case the field combination χ1 =
Φ1(A)/

√
−g becomes an additional physical propagating field degree of free-

dom unlike in the former case where it is just an algebraic function of the scalar
matter fields (17).

In particular, upon FLRW reduction (ḡµνdxµdxν = −N2(t)dt2 + a(t)d~x2) the
action (80)-(81) becomes (ignoring again the electro-weak gauge bosons, for
simplicity)

S̃(FLRW) =

∫
dt
{
−6Na

.
a +Na3

[1

2

.
ϕ

2
+(∇0σ)∗(∇0σ)

− e−ψ
(
V1(ϕ) + V0(σ)eαϕ +M1

)
+ e−2ψχ2

(
U(ϕ) +M2

)
+ b

.
ϕ
(

8
.
a

3 −a3
.

ψ
3

+6
.

ψ
2 .
a a2 − 12

.

ψ
.
a

2
a
)]}

, (82)

where
ψ ≡ lnχ1 ,

.
a≡ 1

N

da

dt
,

.
ϕ≡ 1

N

dϕ

dt
,

.

ψ≡ 1

N

dψ

dt
. (83)

From the explicit form of (80)-(81) we deduce, that corresponding equations for
the extremums of the effective scalar field potential (that is, for constant ϕ, σ and
χ1) are not affected by the presence of the additional terms in (81) beyond the
Einstein-frame expression R̄GB (32) for the Gauss-Bonnet scalar density, and
they will reduce to Eqs.(17) and (38)-(41). However, when considering dynam-
ical evolution – for instance the Friedman equations resulting from the FLRW
action (82) – there will be an additional highly nonlinear evolution equation for
the new dynamical variable ψ ≡ lnχ1 beyond (63)-(67), whose meaning is yet
to be determined.
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