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Abstract. We give a brief overview of the representation theory of anti de Sit-
ter symmetry, its invariant differential operators, and character formulae. We
also present some interesting facts for the corresponding quantum group defor-
mation.
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1 Introduction

Anti de-Sitter symmetry plays an important role in modern mathematics and
physics. In mathematics, the n-dimensional anti de Sitter space AdS,,, isamax-
imally symmetric L orentzian manifold with a constant negative scalar curvature.
It is described as submergedin (n + 1)-dimensional Euclidean space by the for-
mula

n—1
Zw?—x%—xi:RQ. @)
i=1

In general relativity, anti de Sitter space is a maximally symmetric, vacuum so-
lution of Einstein's field equation with a negative (attractive) cosmological con-
Stant.

The same space, though in momentum space, was the founding stepping stone
of the quantum field theory with fundamental length developed by Kadyshevsky
and Mateev for more than 40 years.

In group theory, the isometry group of AdS,, is the pseudo-orthogonal group
SO(n-1,2). This group is aso the conformal group of (n — 1)-dimensional
Minkowski space-time.

The latter properties were the group-theoretical foundation of the so-called
AdS/CFT correspondence between objects (e.g., strings) in the n-dimensional

*Thiswork is dedicated to the memory of Academician Matey Mateev.

252 1310-0157 ©) 2011 Heron Press Ltd.



Representations and g-Deformation of Anti de Sitter Symmetry

AdS,,, caled the bulk, and the (n — 1)-dimensional Minkowski space-timeas a
boundary of the bulk.

We discuss the simplest characteristic case n = 4 in the algebraic framework,
namely, we discuss mostly the Lie algebra so(3,2). This Lie algebra was the
first that was called anti de Sitter algebra.

2 Preliminaries

The anti de Sitter algebra G = s0(3, 2) isten-dimensional. It is asplit form of
its complexification G¢ = so(5,C) and we can use the same basis for both
(though over different fields, R, C, resp.).

For G© we use the standard (triangular) decomposition
gC:g,@H@ng, (2)

where H is the diagonal two-dimensional Cartan subalgebrawith generators de-
notedby H;, Hs, G, G_ arefour-dimensional subalgebrasof raising, lowering,
generators X7, X, resp., i = 1,2,3,4. For simplicity we give the following
basisintermsof 4 x 4 matrices:

(T o) x=(T o)
=(0%) %= (o 0)

5= (05) %5 =(10) ®
= (%) %= (s 0)

where o; are the standard 2 x 2 Pauli matrices.

Using the same basis over R the anti de Sitter algebra G has the following
(Bruhat) decomposition:

G=N_ oMo ADN; (4)

in which the four subalgebras have physical meaning related to the fact that G
is also the conformal algebra of the three-dimensional Minkowski space-time
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M3. Namely, the subalgebra M =2 s0(2, 1) isthe Lorentz algebraof A3, the
subalgebras A+ (withbasis X, k = 2, 3, 4) areabelian and represent the trans-
lations of A3 and special conformal transformations of M 3, and the algebra. A
(spanned by Hz = H, + 2H,) represents the dilatations of M 3.

3 Representations and Invariant Operators

We work with two kind of representations. Both are characterized by two quan-

tum numbers Ey, s, called energy and spin, so = 0, 3, . . ..

The first kind are the so-called elementary representations (ERS), denoted by
CM, where A isaweight A € H* dependingon E, so . These can be redlized
as complex-valued C> functions on G¢/B, where G = S0(3,2), B =
exp(H) exp(G+) is a Borel subgroup of GC. Since G®/B is a completion of
G_ = exp(G-), we shall use the four local coordinates of G'_ denoted by:
z,u,v,z. The functions of C*, denoted ((z,u, v, ), are polynomias in the
variable z of degree 2s, and smooth functionsin the other three variables.

The other kind of representations are highest weight modules, in particular,
Verma modules. Verma modules give explicit realization of the so-called posi-
tiveenergy UIRs D(Ey, so) of G given asfollows [1-4]:

D(Eo,S()) :D(I/Q,O), D(E(),S()) :D(l,l/Q),
D(EO>1/2+507 SO:Ov1/2)7 (5)
D(E()ZSO—FI, 8021)

The first two are the singleton representations discovered by Dirac, and called
later ‘Rac’, ‘Di’, resp. Thelast onesfor Ey = sp + 1 correspond to the spin-
so Mmassless representations. Pictorially, the positive energy UIRs are given in
Figures1land 2

Ey=so+k bs :E[):SoJrl»? DS

: E(] = S0 + 3 DS EO =S+ 3 s

Eg =Sy + 2 Lps EO =S+ 2 1os

By=so+1 mrp Ey=s0+1 vwrp

o [y = 5o+ % below FRP
Figurel. s0 =1, 3, ... Figure2. so = 0, 3, Rec, Di

254



Representations and g-Deformation of Anti de Sitter Symmetry

In the figures black dots denote irreducible factors of reducible C* and V2, DS
means Discrete Series of unitary representations, LDS means Limit of Discrete
Series representations, FRP means First Reduction Point — the end point of the
continuous series of positive energy representations.

The other property of Verma modules that we use, is the fact that it is easy to

find when they are reducible [5]. In our situation this happens every time when
at least one of the following four numbersis a positive integer:

m1:A(H1)—|—1:280+1,
m2:A(H2)+1=1—E0—80,
mg = mi + 2mg,

(6)

mg = M1+ mso.

Animportant application of the above reducibility is that when the Verma mod-
ule VA is reducible, then also the ER C* is reducible. Furthermore, in these
cases there exist invariant differential operators between the ERs, and these op-
erators are determined in a straightforward way from special objects in the cor-
responding Vermamodules, called singular vectors[6].

In our case all singular vectors and the corresponding invariant differential op-
erators and equations are known explicitly [7], but because of lack of space we
shall show only some operatorsthat are related to the positive energy cases.

For instance, since m is always a positive integer, there is always the following
invariant operator: (9,)™*, and in order to obtain irreducibility w.rt. to the
variable z, (recal that our functions ¢ are polynomialsin z of degree 2s¢ =
my — 1), thereis always the invariant equation

(az)ml @(z,u,v,x) =0. (7)

Rac: Ey = 3, so = 0. There are two equations

where we have introduced new variables yg = =, y1 = %(u +v), y2 =
i3 (u — v), interms of which we get the d’ Alembert operator [J in M 3.

The functions ' belong to the target space ', also unitary of scalar functions
(since B, = 2, s, = 0), but fulfilling only the first equationin (8).

Di: Ey =1, s9 = 5. Thetwo equations are

{2(00 —220y) + (0 — 20, + 2°0,) 0. }p=¢', mg=1. (9
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Massless representations: Eg = so + 1,50 =1,3,...

The equations are
P H=0, p=2sg=2,3,...,
{p( - 1) Ou + (p - 1)(81 - QZau) 0. + (10)
4+ (0y — 20, + 2%0,)0* Yo = @', mg=1.
It is useful to write out (10) in componentsusing: ¢ = >0 2/ ¢;, ¢ =
Y P=5 27 ¢ . Theresulting equations are
P=p-7-10u¢; + G+DPp—J—1)0¢jr1 +
++DG+2)0@jr2 = ¢, §=0,1,...,p—2.

If we restrict to the kernel then the last equations may be rewritten as equations
for p — 1 independent conserved currents.J P+ in M3 :

QJ — 9 I — P =0, j=0,....,p—2, (12)
where the components are given as follows:
TP ==+ D) —i—D@j,
T = HU+ DG+ 282+ - D —7 - D5}, (12
HU+DG+2)@j02— -0 —35— 1)}

4 Character Formulae

Let G beany simpleLieagebra Let T', bethe set of all integral dominant
elementsof H*,i.e, A € H*, suchthat \(H;) € Z, (resp. Z), foral H; of
the basis of H. We recall that for each invariant subspace V' of a Vermamodule
VA we have the following decomposition

V = E% Vi, Vi ={uveV|Hwu=(A+p)(Hy)u, VHg}.
nely

The character of V' isdefined by [8]

chV = > (dimV,)e(A+ p)

nely

where the formal exponents e(u:) have the properties e(0) = 1, e(p)e(v) =
e(p + v) . Furthermorefor the character of the Verma module we have [8]

ch VA = e(A) H (1—-e(a))™t, (13)

aeAt

where AT C H* isthe positive root system of G.
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The Weyl character formula for the finite-dimensional irreducible representa-
tions has the form [8]:

chLy = Y (1) ch vt (14)
weW
where W isthe Weyl group of G and we use the fact that W actson A.

Let G = so(3,2) . The positive root system A* has four roots:  «;, i =
1,2,3,4,s0that as = a3 + a9, ay = 27 + a2 Denote ¢, = e(a;) , i = 1,2,
then e(az) = tita, e(ay) = (t1)%t2 . Then (13) and (14) can be rewritten,
respectively, as

e(A)
(1 —t1)(1 —t2)(1 — t1t2)(1 — (¢1)2t2)
ch Ly = ch VA1 — ¢ — 2  ¢imaglatme y gmact2maying

_ t?<ml+m2)t;n1+m2 _ (t1t2)m1+2m2 + t?(m1+m2)t£’ll+2m2). (15)

ch VA =

In the last formula we have used the fact that the Weyl group for G has eight
elementsgiven explicitly in termsof the generating elements w1, w, asfollows:

W = {17 w1, W2, W1W2, W2wW1, W1W2W1, W2W1W2,

W1W2W1 W2 = W2W1W2wW1 } . (16)

The character formulae for the infinite-dimensional irreducible highest weight
representations over so(3,2) involvelessterms than in (15) since the maximal
invariant submodules 7* of VA are smaller. These character formulae can
be given in terms of reduced Weyl groups [6]. This means that the character
formulae for the infinite-dimensional irreducible highest weight representations
over so(3,2) will look like the Weyl character formula (14), however with
W replaced by certain subgroups of 17, called reduced Weyl groups.

For the singletons the reduced Weyl group Wi = W* isgiven by
wWse = { 1 , W1, WaWiwW2 , W1WawW1W2 } . (17)
Then the character formulafor the singletonsis

ch L = ch VA Z (=1)*®@e(w - A — A)
weWs

ch VAL — 1] — (ttp)™F2me 4 g3 Fm2)ygmetama) - (1g)
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More explicitly for the Racwehave m; = 1, my = 1/2, and we obtain
ch Lrae = ch VA (1 — t1 — (tita)? + t313)

_ e (1 + tita)

J(1 = (t1)2t2)

01—t

= (M) Y ()" >

n=0 p=—n
= ¢(A) Z Z (trto)" I ¢IP] (19)
n=0 p=-n
where
v 3ty = e(aq) for p>0,
to = e(ag) for p<O0.
Anaogously for the Di wehave m; = 2, mg = —1/2 andweobtain

chLpi = chVA(1 — 2 — tity + t3ty)
€(A)(1 + tl)

(1= t2)(1 = (t1)*t2)
n+1

= e(A) ) ()" > (20)

n p=—n

n
Z t2r + t%rJrl )

I
o

I
HM8

Clearly, the termsin (19) have different weights, i.e., each weight is represented
only once. Thesameistruefor (20). That iswhy these representationsare called
singletons. These formulae were known, but this derivationis original.

Finally we consider the massless representationswith Eqg = sqg+ 1, sg > 1.
Letusdefine W' = {1, w1, wiwaw;, waw; }. Notethat theset W’ isnot
asubgroup of W, but nevertheless, the character formulais valid

ch Liassiess = ch VA Z ( )/(w (’U) A — A)
weWw’

= ch VA (1 =t — 2ty + 11" ¢y) (21)
myp = 14 2s¢g > 3.

5 Quantum Group Case

The quantum group associated to a Lie algebra G is given by a deformation
Uy(G) of the universal enveloping algebra U(G) depending on a parameter ¢

258



Representations and g-Deformation of Anti de Sitter Symmetry

(there are also multiparameter deformations!). Explicitly, the deformation oc-
curs by replacing some commutators by their g-analogs, e.g., in our case

Xt X" |=H (22)

is replaced by

" —q"
qg—qt

Matters are arranged so that the undeformed caseis obtained from the deformed

by setting ¢ = 1. Indeed, setting ¢ = e and taking the limit 4 — 0, we see

that (23) passes to (22).

The quantum group deformation U ,(G®) is given explicitly by the following
commutation relations (5, k = 1, 2):

(X, X7 = [H], (23)

[Hj, H] =0, [H;, X;f] = +apX;,

qu/2 _ q_—Hj/2
[X;_an_] = djr[Hj]q; = djk : 1/2 J—1/2 ’ (24)
4, —4;

q1 =4, 42 = q2 ,
[:v]q = (qz/2 . qu/z)/(quz . q71/2) 7

(aji) isthe Cartan matrix of G©

(aje) = (_21 _22> (25)

The commuitation relations for X;—L,j = 3, 4, follow from
XF=+X7X5], X =+ X7 X5 (26)

Generically, the main features of the representations of the quantum group de-
formation are the same as for the undeformed case, the only difference being that
in matrix elements numbers, e.g., n, are replaced by ¢-numbers [n] ,, defined as
above.

There is one interesting situation, where things differ drastically. First, we re-
strict the parameter ¢ onthe unit circle, namely, weset g = e, 7 € R, (|q| = 1).
Then the quantum number [n], becomes
n/2 _ ,—n/2 : 9
q q sin(7n
[n]q: 1/2 ,12: ( /)7 (27)
q'/? —q7?  sin(7/2)
changing to a more refined definition. The interesting situation is when ¢ is a
root of unity: ¢V = 1, ¢ = €>™/N, where N = 2,3,... Then the quantum
number becomes

sin(mn/N)

[n]g = W . (28)
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Obvioudly,
[N]q =0.

This means that many matrix elements become zero. Furthermore, elementsin
the enveloping algebralike (X *)V becomecentral, andin fact all representa-
tions become finite-dimensional, including the unitary ones!

For instance, the singleton representations become finite-dimensional and we
have found the formulafor their dimensions[9]. Our result is

2
N 2+ L , for N odd
dimRacy = N2 (29
- for N even
2
N 2_ L ., for N odd
dimDiy =4 (30)
- for N even

One may ask whether these finite-dimensional representations coincide with
some classical finite-dimensional representations of the anti de Sitter algebra
s0(3,2). Theanswer is that with two exceptions there are no coincidences. The
exceptions happen for the third root of unity, N = 3, then

dmRacy—3 =5, (31)
dmDiy—3 = 4 s (32)

and these are the dimensions of the two fundamental irreps of so(3, 2).
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