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Abstract. We study rigid string solutions rotating in AdS5 × S5 background.
For particular values of the parameters of the solutions we find multi-spin solu-
tions corresponding to giant magnons and single spike strings. We present an
analysis of the dispersion relations in the case of three-spin solutions distributed
only in S5. The possible relation of these string solutions to gauge theory oper-
ators and spin chains are briefly discussed. We find the solutions to the resulting
Neumann-Rosochatius integrable system.

PACS number: 11.25.Tq; 11.25.-w

1 Introduction

String/gauge theory duality, the idea of which is rooted in [1], is one of the
hottest topics. The explicit form of this idea was provided when Maldacena
conjectured the AdS/CFT correspondence [2]. Since then this subject became
a major research area and many fascinating discoveries were made in the last
decade. It provides a powerful tool for studies and future advances in the under-
standing of gauge theories at strong coupling.

The best studied example is based on superstring theory on AdS5 × S5 back-
ground where the corresponding gauge theory is N = 4 superconformal. Recent
advances on both, the string and the gauge theory sides of the correspondence
have indicated that type IIB string theory may be integrable. This is important
for the following reasons. One of the predictions of the correspondence is the
equivalence between the spectrum of free string theory on AdS5 × S5 and the
spectrum of anomalous dimensions of gauge invariant operators in the planar
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N = 4 Supersymmetric Yang-Mills (SYM) theory. In order to check this con-
jecture we need the full spectrum of free string theory on a curved space, such as
AdS5 × S5, which is still an unsolved problem. In certain limits, [3], allowing
reliability of the semiclassical results on both sides, the techniques of integrable
systems have become useful in studying the AdS/CFT correspondence in detail.
Assuming that these theories are integrable, the dynamics should be encoded in
an appropriate scattering matrix S. This can be interpreted from both sides of the
correspondence as follows. On the string side, in the strong-coupling limit the
S matrix can be interpreted as describing the two-body scattering of elementary
excitations on the worldsheet. When their worldsheet momenta become large,
these excitations can be described as special types of solitonic solutions, or gi-
ant magnons, and the interpolating region is described by the dynamics of the
so-called near-flat-space regime [6, 9]. On the gauge theory side, the action of
the dilatation operator on single-trace operators is the same as that of a Hamilto-
nian acting on the states of a certain spin chain [4]. This turns out to be of great
advantage because one can diagonalize the matrix of anomalous dimensions by
using the algebraic Bethe ansatz technique (see [5] for a review on the algebraic
Bethe ansatz). Then one can look for the S-matrix determined in an involving
way by the integrable structures. The dispersionless scattering described in this
approximation hopefully can be extended to the regions where, due to the na-
ture of this duality, the validity of the consideration on the one side rules out the
validity on the other side of the correspondence. However employing a certain
spin chain as a mediator between the two sides of the correspondence seems
very helpful. Indeed, in several papers the relation between strings, N = 4
SYM theory and spin chains was established, see for instance [22–25] and ref-
erences therein. This idea opened the way for a remarkable interplay between
spin chains, gauge theories, string theory1 and integrability (the integrability of
classical strings on AdS5 × S5 was proven in [26]).

All these advantages lead to the idea that it would be useful to look for string so-
lutions governing various corners of the spin chain spectrum. The most studied
cases were spin waves in the long-wave approximation corresponding to rotating
and pulsating strings in certain limits, see for instance the reviews [19–21] and
references therein. Another interesting case are the low lying spin chain states
corresponding to the magnon excitations. One class of string solutions already
presented in a number of papers is the string theory on pp-wave backgrounds.
The latter, although interesting and important, describes point-like strings which
are only part of the whole picture.

A more general class of classical string solutions with spikes maybe of interest
for the AdS/CFT correspondence since they incorporate the giant magnon solu-
tions as a subclass. These spiky strings were constructed in the AdS5 subspace
of AdS5 × S5 [27] and it was argued that they correspond to single trace oper-

1For reviews on the subject with a complete list of references see [19–21]
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ators with a large number of derivatives. The spiky strings were generalized to
include dynamics in the S5 part of AdS5 × S5 [28].

Recently a new analysis of the class of spiky string appeared, in [30,31], namely,
infinitely wound string solutions with single spikes on S2 and S3 were found.
It can be shown that these solutions can be found in a certain limit of the pa-
rameters of a general rotating rigid string. While the interpretation of the giant
magnon solutions from the field theory point of view is as of higher twist opera-
tors, the single spike solutions do not seem to be directly related to some gauge
theory operators. Nevertheless one can speculate on this issue suggesting an in-
terpretation in terms of a spin chain Hubbard model [30]. This means that we
are in the antiferromagnetic phase [29, 40] of the corresponding spin chain, but
the relation to field theory operators is still unclear.

It seems interesting to study the class of single spike solutions in greater detail
and better understand their properties. The purpose of this paper is to present
multi-spin single spike solutions on the AdS5 ×S5 background which will gen-
eralize and extend the result of [30–32]. Although there is no complete un-
derstanding and direct link to the gauge theory operators, the correspondence
suggests that they should play important role at the high energy region. There
might be a connection to the Hubbard-like spin chain [29, 41], but by now one
can only speculate on these issues.

The paper is organized as follows. In the next Section we present the scheme of
reduction of the string sigma model to Neumann-Rosochatius (NR) integrable
system. We discuss in some details the conformal constraints which are inten-
sively used later. Next subsection has the purpose to demonstrate the derivation
of the discussed solutions by making use of NR integrable system. Note that al-
though known, not all the solutions were obtained via this reduction. The idea is
to treat all the cases using one approach – this of reduction to NR system. In Sec-
tion 2 we find three-spin single spike solutions. We restrict the considerations to
the case of string configurations in S5 part of the space-time geometry.

2 Reduction to Neumann-Rosochatius Integrable System

Motivated by the considerations made in the case of magnon string configura-
tions [16], we find it useful to apply the generalized Neumann-Rosochatius(NR)
ansatz [35]

Xa = xa(ξ)eiωaτ , ξ = ασ + βτ, xa(ξ + 2πα) = xa(ξ), a = 1, 2, 3 (1)

for the spherical part of the geometry and

Yl = μl(ξ)eivlτ , μl(ξ + 2πα) = μl(ξ), l = 0, 1, 2 (2)

for the AdS5 piece. Let us restrict our attention here to the spherical part, we
will discuss the other part in subsequent sections. The embedding we choose
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supplies the theory with two types of constraints – those coming from the em-
bedding, namely XaXbη

ab = 1, and the conformal constraints. The latter are
very important when we are dealing with the Polyakov string action, so let us
briefly consider them here.

Conformal constraints in NR

In general the Virasoro constraints can be written as
∑

a

[|∂τXa|2 + |∂σXa|2
]

= κ2 (3)

∑

a

[
∂τXa∂σX̄a + ∂τ X̄a∂σXa

]
= 0, (4)

where we used that t = κτ and the rest of the AdS part is turned off. Using that

∂τXa = (βx′
a + iωaxa)eiωaτ , ∂σXa = αx′

aeiωaτ ; ′ ≡ d

dξ
,

one finds for (3, 4)
∑

a

[
(βx′

a + iωaxa)(βx̄′
a − iωax̄a) + α2x′

ax̄′
a

]
= κ2 (5)

∑

a

[(βx′
a + iωaxa)αx̄′

a + αx′
a(βx̄′

a − iωax̄a)] = 0. (6)

Our starting point will be (6) which can be rewritten as
∑

a

[2βx′
ax̄′

a + iωa(xax̄′
a − x′

ax̄a)] = 0. (7)

For notational simplicity we define

Ξa = i(xax̄′
a − x′

ax̄a). (8)

With the help of (7) one can eliminate from (5) the combination Ξa. The result
is

(α2 − β2)
∑

a

x′
ax̄′

a +
∑

a

ω2
axax̄a = κ2. (9)

To obtain purely algebraic relation one can eliminating x′
ax̄′

a from (5) to find

− (α2 − β2)
2β

∑

a

ωaΞa +
∑

a

ω2
axax̄a = κ2. (10)

After all these manipulations let us write down the final expressions we will use

(α2 − β2)
∑

a

x′
ax̄′

a +
∑

a

ω2
axax̄a = κ2, (11)

− (α2 − β2)
2β

∑

a

ωaΞa +
∑

a

ω2
axax̄a = κ2. (12)
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The Lagrangian

The consistent reduction to the Neumann-Rosochatius interable system requires
further specification of the parametrization (1). The parametrization we need is
defined as

xa(ξ) = ra(ξ)eiφa(ξ), |x′
a|2 = r′a

2 + r2
aφ′

a
2
, Ξa = 2r2

aφ′
a. (13)

In these variables the Lagrangian takes the following form:

L=
∑

a

[
(α2−β2)r′a

2+(α2−β2)r2
a

(
φ′

a−
βωa

α2−β2

)2

− α2

α2−β2
ω2

ar2
a

]

+ Λ

(
∑

a

r2
a−1

)
. (14)

It is easy to eliminate the angular degrees of freedom φa. First we can integrate
the equations of motion for φa to get

φ′
a =

1
α2 − β2

(
Ca

r2
a

+ βωa

)
, (15)

where Ca are constants of motion. On the other hand for ra we get

(α2 − β2)r′′a − C2
a

α2 − β2

1
r3
a

+
α2

α2 − β2
ω2

ara − Λra = 0 , (16)

where we use the equations for φa (15). The net result of this considerations is
that we reduce the essential degrees of freedom to ra.

The next step is to obtain the effective theory for ra. The equations of motion
for ra can be obtained from the following effective Lagrangian:

L=
∑

a

[
(α2−β2)r′a

2− C2
a

α2−β2

1
r2
a

− α2

α2−β2
ω2

ar2
a

]
+Λ

(
∑

a

r2
a−1

)
, (17)

which is nothing but the well-known integrable Neumann-Rosochatius system
[35]. One can easily find the corresponding on-shell Hamiltonian which is one
of the classical constants of motion

H =
∑

a

[
(α2 − β2)r′a

2 +
C2

a

α2 − β2

1
r2
a

+
α2

α2 − β2
ω2

ar2
a

]
. (18)

The considerations from now on will be essentially based on the above reduction.

As we argued above, the reduction to the string theory with desired properties re-
quires certain ansatz for the string embedding coordinates. Let us examine how
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the Virasoro constraints look like using this ansatz, this will play an essential
role in what follows.

Using the definition Ξa = 2r2
aφ′

a and the equations of motion for φa (15), the
second constraint (12) can be written in the form

Ξa =
2

α2 − β2

[
Ca + βωar2

a

]
,

after substitution in (12) =⇒
∑

a

ωaCa + βκ2 = 0. (19)

In more details, using that

|x′
a|2 = r′2a +

1
(α2 − β2)2

[
C2

a

r2
a

+ β2ω2
ar2

a + 2βCaωa

]
, (20)

one can rewrite the first Virasoro constraint (11) as

∑

a

[
(α2 − β2)r′a

2 +
C2

a

α2 − β2

1
r2
a

+
α2

α2 − β2
ω2

ar2
a +

2βCaωa

α2 − β2

]
= κ2. (21)

Comparing with (18) we observe that the first three terms are exactly the on-shell
Hamiltonian, i.e.

H +
∑

a

2βCaωa

α2 − β2
= κ2. (22)

According to the second constraint (19) we can rewrite the above equation as

H = κ2 +
2β2

α2 − β2
κ2 =

α2 + β2

α2 − β2
κ2. (23)

One can write then the final form of the Virasoro constraints as

H =
α2 + β2

α2 − β2
κ2, (24)

∑

a

ωaCa + βκ2 = 0. (25)

We should also impose periodicity conditions on ra and φa:

ra(ξ + 2πα) = ra(ξ), φa(ξ + 2πα) = φa(ξ) + 2πna, na − integer. (26)

2.1 One- and two-spin cases from NR system

As we discussed above, one can formulate the problem in terms of NR integrable
system. This subsection should be considered as a preparation for the studies in
the next Section.
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Let us consider directly the two-spin case (the single spin one can be obtained
as a simple limit [16]). Since we are dealing with the two-spin case, the consid-
erations are restricted to S3 ⊂ S5, i.e. to only one independent radial variable,
say r1 (r2

1 + r2
2 = 1). One can find the first order equation for r1 either from

the equations of motion(16) (integrating them once) or from the Virasoro con-
straints. The result is1

(1 − β2)2r′1
2 =

1
r2
1

[((1 + β2)κ2 − ω2
2)(1 − r2

1)r
2
1 − C2

1

+ (C2
1 − C2

2 )r2
1 − (ω2

1 − ω2
2)(1 − r2

1)r
4
1]. (27)

The right hand side determines the turning points r′1
2 = 0 and they are three. In

order the string to extends to the equator of the sphere, one must choose r1 = 1.
This choice fixes C2 = 0 (which can be deduced also requiring regularity at
r1 = 1 for the equations of motion). To find a solution of the type we are
looking for, r1 = 1 has to be double zero of the right hand side of (27). The
latter conditions leads to the following constraints:

(1 + β2)κ2 = ω2
1 + C2

1 , ω1C1 + ω2C2 + βκ2 = 0, (28)

which can be obtained either by substituting r1 = 1 in the right hand side of (27)
or from the Virasoro constraints. The correct choice for the parameters solving
the above equation and giving magnon type string solutions is

κ = ω1, α = 1, β = −C1

ω1
. (29)

With this choice the equation for r1 becomes

(1 − β2)2r′1
2 =

(1 − r2
1)

2

r2
1

Δω2(r2
1 − r̄2

1). (30)

The final result for the dispersion relation is

E − J1 =

√
J2

2 +
l

π2
sin2 p

2
. (31)

Two-spin case – spiky solutions

Let us turn to the two-spin solutions developing a single spike. This configura-
tion can be realized in terms of the NR integrable system with specific choice
of the parameters. The solutions we are looking for are characterized by large
quantum numbers, especially large energy. The careful analysis shows (see for
instance [16, 31]) that in order to have such solutions one has to choose the pa-
rameters in a specific way.

1Here we set α = 1, which does not affect the considerations
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The “spiky” choice for the parameters, namely the choice giving solutions with
a single spike but infinitely wound around the equator, is slightly different from
the case of giant magnons. In fact the constraints on the parameters are the
same, (28), but instead of the choice (29), now we choose the other solution to
the constraint (28)

κ = C1, β = −ω1C1

κ2
= −ω1

C1
. (32)

The equation for the variable r1 is the same (30), but the parameters are different

d u

dξ
= u′ =

√
Δω2

1 − β2
(1 − u)

√
u − ū. (33)

Above we use the following notations:

u = r2
1 = sin2 θ, ū =

C2
1√

Δω2
, Δω2 = ω2

1 − ω2
2 ,

dξ =
du

u′ =
(1 − β2) du

2
√

Δω2(1 − u)
√

u − ū
=

(C2
1 − ω2

1) du

2C2
1

√
Δω2(1 − u)

√
u − ū

. (34)

The conserved quantities are (see equations (3.7)-(3.10)

Δφ1 =
C1

(1 − β2)

∫
dξ

u
+

βω1

(1 − β2)

∫
dξ,

E = κT

∫
dξ,

J1 =
C1β

(1 − β2)

∫
dξ +

ω1

(1 − β2)
T

∫
u dξ, (35)

J2 =
ω2

(1 − β2)
T

∫
(1 − u)dξ.

To find finite results (which is so for E − J1 in magnon case) we consider

E − TΔφ1 =
2C1T√
Δω2

arccos
√

ū =

√
λ

π
θ̄, (36)

where
θ̄ =

π

2
− θ0. (37)

For the spins we get

J1 =
2Tω1√
Δω2

cos θ0 =
2Tω1√
Δω2

sin θ̄. (38)
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Analogously

J2 = − 2Tω2√
Δω2

cos θ0 = − 2Tω2√
Δω2

sin θ̄. (39)

Defining sin γ as

sin γ =
ω2

ω1
, sin θ0 =

C1√
Δω2

, (40)

we find

J1 = 2T
1

sin γ
sin θ̄,

J2 = −2T
sin γ

cos γ
sin θ̄. (41)

These give the result for dispersion relations as in [30, 31]

E − TΔφ1 =

√
λ

π
θ̄, (42)

J2
1 = J2

2 +
λ

π2
sin2 θ̄. (43)

We see that setting J2 = 0 reproduce the one-spin case.

3 Three-Spin Case

As we discussed in the Introduction, the complete string solution in the full
AdS5 × S5 geometry is not yet available and the thorough analysis of string
solutions of the type we are interesting in is important for description of different
corners of the correspondence. Such studies of the string solutions can also serve
as strong clue towards obtaining the complete solutions in question.

Having the analysis above it is reasonable to ask whether one can use the NR
system to describe all these solutions and find the corresponding dispersion re-
lations. In the case of giant magnons the answer is positive and given in [16].
For single spike it is an open question. The two types of solutions we discussed
belong to different edges of the energy scale. Then an interesting question is it
possible to combine the magnon and single spike solution and how such combi-
nation would look like?

In this subsection we give a brief review of the giant magnon solution with three
non-zero angular momenta obtained in [16] and extend it to the case of “sin-
gle spike” string solutions. The derivation uses the reduction to the Neumann-
Rosochatius integrable system. With certain choice of the parameters one can
find giant magnon solutions. Here we will obtain the choice of the parameters,
solutions of the imposed constraints, so that the resulting solutions are of “single
spike” type.
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The standard approach in solving the NR system is the change the variables
passing from three constrained radial variables ra to two unconstrained ones, ζ±
(we put all ωa �= 0). This is achieved by introducing ellipsoidal coordinates
through the relations

3∑

a=1

r2
a

ζ − ω2
a

=
(ζ − ζ+)(ζ − ζ−)

3∏
a=1

(ζ − ω2
a)

. (44)

The two independent variables ζ± are defined as the roots of the quadratic equa-
tion obtained by taking the common denominator on the left hand side and set-
ting the numerator equal to zero. The two roots are such that ω2

3 < ζ− < ω2
2 <

ζ+ < ω2
1 and one can check that they satisfy the relations:

ζ+ + ζ− =
∑

a

ω2
a −

∑

a

ω2
ar2

a, ζ+ζ− =

(
∏

a

ω2
a

)
.
∑

b

r2
b

ω2
b

. (45)

The inverse transformation can be easily obtained and it reads

r2
a =

(ζ+ − ω2
a)(ζ− − ω2

a)∏
b �=a

(ω2
a − ω2

b )
, a = 1, 2, 3. (46)

Having the correct coordinates respecting the symmetries of the system, one can
compute in a straightforward way the Hamiltonian of the NR system in terms of
ζ±

Hζ =
1

(α2 − β2)(ζ+ − ζ−)

[
H̃(p−, ζ−) − H̃(p+, ζ+)

]
, (47)

where

H̃(p, ζ) =
∏

a

(ζ −ω2
a)p2 +

∑

a

C2
a

∏
b �=a

(ω2
a − ω2

b )

ζ − ω2
a

+α2
∑

a

ω2
aζ −α2ζ2 . (48)

The standard way to study this system is to use the Hamilton-Jacobi method
which allows separation of variables. This approach requires finding a function
W (ζ+, ζ−) such that1

Hζ

(
p± =

∂W

∂ζ±
, ζ±

)
= E . (49)

If a solution of the form W = W+(ζ+) + W−(ζ−) exists, we say that the
variables separate and the system is integrable in these coordinates2. Indeed, if

1Here we follow the notation of [16].
2It is known that the Neumann-Rosochatius system is integrable and therefore if the choice of

the coordinates is correct the separation should be straightforward.
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we make this ansatz one can obtain that these two functions satisfy the same
equation, i.e. W± are the same functions obtained from integrating the equation

(
∂W

∂ζ

)2

=

V −∑
a

∏
b �=a

(ω2
a − ω2

b )
C2

a

ζ − ω2
a

+
[
κ2(α2+β2)−α2

∑
a

ω2
a

]
ζ+α2ζ2

∏
a

(ζ − ω2
a)

,

(50)
In the above equation V is a constant of motion and we have used the expres-
sion for the Hamiltonian (24) which gives E = α2+β2

α2−β2 κ2. The solution of the
Hamilton-Jacobi equation is then

W (ζ±, V, E) = W (ζ+, V, E) + W (ζ−, V, E). (51)

The equations of motion can be obtained using the standard procedure

∂W (ζ+, V, E)
∂V

+
∂W (ζ−, V, E)

∂V
= U, (52)

∂W (ζ+, V, E)
∂E

+
∂W (ζ−, V, E)

∂E
= ξ, (53)

where we introduced a new constant U and we see that ξ plays the role of “time”
variable. Taking derivatives of W we find

∫ ζ+ dζ√
P5(ζ)

+
∫ ζ− dζ√

P5(ζ)
= 2U, (54)

∫ ζ+ ζ dζ√
P5(ζ)

+
∫ ζ− ζ dζ√

P5(ζ)
= − 2ξ

α2 − β2
. (55)

Here the polynomial P5(ζ) is the well-known polynomial of degree five appear-
ing in the O(6) NR integrable system [35]

P5(ζ) =
∏

a

(ζ − ω2
a)

⎧
⎨

⎩V −
∑

a

∏

b �=a

(ω2
a − ω2

b )
C2

a

ζ − ω2
a

−

−
[
κ2(α2 + β2) − α2

∑

a

ω2
a

]
ζ − α2ζ2

}
. (56)

The defined integrable system has many solutions which can be obtained us-
ing various methods, for example dressing method, Bäcklund transformations
etc. Here we are interested however in particular string solutions. In order to
have reliable semiclassical results and to be able to apply the AdS/CFT corre-
spondence we are looking for solutions describing strings with large quantum
numbers, say one infinite momentum or “infinitely long” string (a single spike
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string). For this to happen the variables ζ± must reach its extremal values ω2
2,3.

To satisfy this condition we are forced to choose V and the energy E (or equiv-
alently κ) in such a way that P5(ζ) has a double zero at ζ± = ω2

2,3. For this to
happen we are forced to choose

C2 = 0, C3 = 0, κ2(1 + β2) = ω2
1 + C2

1 ,

V = −ω2
2ω2

3 − C2
1 (ω2

1 − ω2
2 − ω2

3).
(57)

As in the previous Section we put α = 1 without lost of generality. This greatly
reduce the complexity of the equations we have to solve, namely

∫ ζ+

ζ̄

dζ

(ζ − ω2
2)(ζ − ω2

3)
√

ζ̄ − ζ

+
∫ ζ+

ζ̄−

dζ

(ζ − ω2
2)(ζ − ω2

3)
√

ζ̄ − ζ
= 0, (58)

∫ ζ+

ζ̄

ζdζ

(ζ − ω2
2)(ζ − ω2

3)
√

ζ̄ − ζ

+
∫ ζ+

ζ̄−

ζdζ

(ζ − ω2
2)(ζ − ω2

3)
√

ζ̄ − ζ
= − 2ξ

1 − β2
. (59)

A few remarks are in order. We assume that the maximum value of ζ+ is ζ̄ =
ω2

1 − C2
1 where its range is ω2

2 < ζ̄ < ω2
1 . In addition we assume that at such

point ζ− has an arbitrary value ζ̄− (ω2
3 < ζ̄− < ω2

2) which means that we are
free to choose the value of the constant U . From now on we set U = 0. Applying
the above settings and using simple manipulations we can rewrite the equations
(58) and (59) in a simplified form

∫ ζ+

ζ̄

dζ

(ζ − ω2
3)
√

ζ̄ − ζ
+
∫ ζ+

ζ̄−

dζ

(ζ − ω2
3)
√

ζ̄ − ζ
= − 2ξ

1 − β2
, (60)

∫ ζ+

ζ̄

ζ dζ

(ζ − ω2
2)
√

ζ̄ − ζ
+
∫ ζ+

ζ̄−

ζ dζ

(ζ − ω2
2)
√

ζ̄ − ζ
= − 2ξ

1 − β2
. (61)

One can integrate these equations using elementary methods. The results are

∫ ζ+

ζ̄

dζ

(ζ − ω2
2)
√

ζ̄ − ζ
=

2√
ζ̄ − ω2

2

arctanh

√
ζ̄ − ζ+√
ζ̄ − ω2

2

, (62)

∫ ζ−

ζ̄−

dζ

(ζ − ω2
2)
√

ζ̄ − ζ

=
2√

ζ̄ − ω2
2

[
arctanh

√
ζ̄ − ω2

2√
ζ̄ − ζ−

− arctanh

√
ζ̄ − ω2

2√
ζ̄ − ζ̄−

]
. (63)
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Now our problem reduces to an algebraic one; by using the above results we find

s+s− + s2
2

s+ + s−
= s2A2(ξ), (64)

s+s− + s2
3

s+ + s−
= s3A3(ξ), (65)

To simplify further the notations we follow [16] and introduce the quantities

s1 =
√

ω2
1 − ζ̄, s2,3 =

√
ζ̄ − ω2

2,3, s± =
√

ζ̄ − ζ±, (66)

A2(ξ) = tanh
(
− s2ξ

1 − β2
+ C2

)
, A3(ξ) = coth

(
− s3ξ

1 − β2
+ C3

)
. (67)

where Ci stands for

tanhC2 =
s2√

ζ̄ − ζ̄−
, tanhC3 =

√
ζ̄ − ζ̄−
s3

, (68)

and ξ is assumed to take values in the range (−∞,∞). Since the quantum
numbers are given in terms of the initial variables it is useful to go back from ζ±
to the variables ra. Using the relation (46) we find

r2
a =

(ζ+ − ω2
a)(ζ− − ω2

a)
∏
b �=a

(ω2
a − ω2

b )
=

(s2
a − s2

+)(s2
a − s2

−)
∏
b �=a

(ω2
a − ω2

b )

=
(s2

a + s+s−)2 − s2
a(s+ + s−)2

∏
b �=a

(ω2
a − ω2

b )
. (69)

One can easily check that the following relations hold:

s+ + s− =
s2
2 − s2

3

s2A2(ξ) − s3A3(ξ)
=

ω2
2 − ω2

3

s3A3(ξ) − s2A2(ξ)
, (70)

s+s− = s2s3
s3A2(ξ) − s2A3(ξ)
s3A3(ξ) − s2A2(ξ)

, (71)

and this allows to recast ra into the form

r2
1 =

[
(ω2

1 − ω2
2)s3A3(ξ) − (ω2

1 − ω2
3)s2A2(ξ)

]2 + s2
1(ω

2
2 − ω2

3)2

(ω2
1 − ω2

2)(ω2
1 − ω2

3)(s3A3(ξ) − s2A2(ξ))2
, (72)

r2
2 =

(ω2
2 − ω2

3)
(ω2

1 − ω2
2)

s2
2

1 − A2
2(ξ)

(s3A3(ξ) − s2A2(ξ))2
, (73)

r2
3 =

(ω2
2 − ω2

3)
(ω2

1 − ω2
3)

s2
3

A2
3(ξ) − 1

(s3A3(ξ) − s2A2(ξ))2
. (74)

We note again that the choice of parameters κ = ω1, β = −C1
ω1

in (57) leads
to a giant magnon solution, while choosing κ = C1, β = − ω1

C1
we find the

single spike string solution.
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4 Conclusions

In this paper we find and study multi-spin rotating string with spikes. These solu-
tions are very important for understanding the detailed mechanism of AdS/CFT
correspondence. They correspond to long gauge theory operators, as discussed
in the Introduction. The exact maps between dispersion relation of string solu-
tions and the anomalous dimensions of the gauge theory operators is in the core
of AdS/CFT correspondence and to establish the latter it should be extended
to wider energy scales. Moreover, such studies give strong arguments for con-
jecturing the exact form of the scattering matrix governing the correspondence.
The latter is based on integrable structures on both sides of the correspondence.
In view of this we approach the problem of finding certain type of solutions,
single spike solutions, using a reduction to the Neumann-Rosochatius integrable
system. It turns out that all magnon type solutions can be obtained from this sys-
tem using a certain choice of the parameters describing the families of solutions,
which we demonstrated to be true for the class of solutions we are interested in.
A brief review of this approach is presented in Section 2. In the next Section we
give some details of the two-spin solutions of both types – magnon and single
spike solutions.

The main results of this paper are given in Section 3 where we derive three-spin
spiky string solutions. We obtain a three-spin single spike solution for strings
extended only in the S5 part of the geometry. It would be interesting to identify
the gauge theory operators corresponding to this type of string solutions.

Certainly the spiky string solutions are interesting not only because of their close
relation to the giant magnon solutions on the string side. However their interpre-
tation in the dual gauge theory is not that obvious and needs further investigation.
First of all, it would be interesting to further explore the power of integrable sys-
tem techniques and apply the “dressing method”, used by Volovich and Spradlin
for giant magnons (or Bäcklund transformations), to find multi-solitonic exten-
sions of the spiky strings. It could be expected that the giant magnon and single
spike solutions on AdS3 are related to the sinh-Gordon model. If so, it should
be relatively straightforward to study scattering in terms of the latter and extract
useful data which can be helpful for predictions for the general case. The inte-
grable structures emerging in this identification can be indeed very useful. They
can be also used in certain sectors of the string/QCD correspondence where the
integrability is still preserved. Work on some of these problems is in progress.
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